
Mechanics of Solids and Materials

Robert J. Asaro and Vlado A. Lubarda

University of California, San Diego

La Jolla, CA 92093





Contents

Preface xviii

Part 1. MATHEMATICAL PRELIMINARIES 1

Chapter 1. VECTORS AND TENSORS 3
1.1. Vector Algebra 3
1.2. Coordinate Transformation: Rotation of Axes 6
1.3. Second-Rank Tensors 7
1.4. Symmetric and Antisymmetric Tensors 7
1.5. Prelude to Invariants of Tensors 8
1.6. Inverse of a Tensor 9
1.7. Additional Proofs 9
1.8. Additional Lemmas for Vectors 10
1.9. Coordinate Transformation of Tensors 11
1.10. Some Identities with Indices 11
1.11. Tensor Product 12
1.12. Orthonormal Basis 13
1.13. Eigenvectors and Eigenvalues 14
1.14. Symmetric Tensors 15
1.15. Positive De�niteness of a Tensor 16
1.16. Antisymmetric Tensors 17

1.16.1. Eigenvectors of W 17
1.17. Orthogonal Tensors 18
1.18. Polar Decomposition Theorem 21
1.19. Polar Decomposition: Physical Approach 22

1.19.1. Left and Right Stretch Tensors 22
1.19.2. Principal Stretches 23

1.20. The Cayley{Hamilton Theorem 24
1.21. Additional Lemmas for Tensors 24
1.22. Identities and Relations Involving r Operator 25
1.23. Suggested Reading 26

Chapter 2. BASIC INTEGRAL THEOREMS 29
2.1. Gauss and Stokes's Theorems 29

2.1.1. Applications of Divergence Theorem 30
2.2. Vector and Tensor Fields: Physical Approach 30
2.3. Surface Integrals: Gauss Law 32

v



vi CONTENTS

2.4. Evaluating Surface Integrals 33
2.4.1. Application of the Concept of Flux 35

2.5. The Divergence 35
2.6. Divergence Theorem: Relation of Surface to Volume Integrals 37
2.7. More on Divergence Theorem 39
2.8. Suggested Reading 40

Chapter 3. FOURIER SERIES AND FOURIER INTEGRALS 41
3.1. Fourier Series 41
3.2. Double Fourier Series 42

3.2.1. Double Trigonometric Series 43
3.3. Integral Transforms 44
3.4. Dirichlet's Conditions 47
3.5. Integral Theorems 52
3.6. Convolution Integrals 53

3.6.1. Evaluation of Integrals by use of Convolution Theorems 54
3.7. Fourier Transforms of Derivatives of f(x) 55
3.8. Fourier Integrals as Limiting Cases of Fourier Series 55
3.9. Dirac Delta Function 57
3.10. Suggested Reading 58

Part 2. CONTINUUM MECHANICS 61

Chapter 4. KINEMATICS OF CONTINUUM 63
4.1. Preliminaries 63
4.2. Uniaxial Strain 64
4.3. Deformation Gradient 65
4.4. Strain Tensor 67
4.5. Stretch and Normal Strains 69
4.6. Angle Change and Shear Strains 69
4.7. In�nitesimal Strains 71
4.8. Principal Stretches 72
4.9. Eigenvectors and Eigenvalues of Deformation Tensors 72
4.10. Volume Changes 73
4.11. Area Changes 74
4.12. Area Changes: Alternative Approach 75
4.13. Simple Shear of a Thick Plate with a Central Hole 76
4.14. Finite vs. Small Deformations 78
4.15. Reference vs. Current Con�guration 79
4.16. Material Derivatives and Velocity 81
4.17. Velocity Gradient 82
4.18. Deformation Rate and Spin 85
4.19. Rate of Stretching and Shearing 86
4.20. Material Derivatives of Strain Tensors: _E vs. D 87
4.21. Rate of F in Terms of Principal Stretches 90

4.21.1. Spins of Lagrangian and Eulerian Triads 92



CONTENTS vii

4.22. Additional Connections between Current and Reference State
Representations 93

4.23. Transport Formulae 94
4.24. Material Derivatives of Volume, Area, and Surface Integrals:

Transport Formulae Revisited 95
4.25. Analysis of Simple Shearing 97
4.26. Examples of Particle and Plane Motion 99
4.27. Rigid Body Motions 100
4.28. Behavior under Superposed Rotation 102
4.29. Suggested Reading 103

Chapter 5. KINETICS OF CONTINUUM 105
5.1. Traction Vector and Stress Tensor 105
5.2. Equations of Equilibrium 108
5.3. Balance of Angular Momentum: Symmetry of � 109
5.4. Principal Values of Cauchy Stress 110
5.5. Maximum Shear Stresses 111
5.6. Nominal Stress 113
5.7. Equilibrium in the Reference State 114
5.8. Work Conjugate Connections 115
5.9. Stress Deviator 117
5.10. Frame Indi�erence 117
5.11. Continuity Equation and Equations of Motion 123
5.12. Stress Power 124
5.13. The Principle of Virtual Work 126
5.14. Generalized Clapeyron's Formula 127
5.15. Suggested Reading 128

Chapter 6. THERMODYNAMICS OF CONTINUUM 131
6.1. First Law of Thermodynamics: Energy Equation 131
6.2. Second Law of Thermodynamics: Clausius{Duhem Inequality 132
6.3. Reversible Thermodynamics 134

6.3.1. Thermodynamic Potentials 135
6.3.2. Speci�c and Latent Heats 136
6.3.3. Coupled Heat Equation 138

6.4. Thermodynamic Relationships with p; V; T , and s 139
6.4.1. Speci�c and Latent Heats 140
6.4.2. CoeÆcients of Thermal Expansion and Compressibility 141

6.5. Theoretical Calculations of Heat Capacity 142
6.6. Third Law of Thermodynamics 144
6.7. Irreversible Thermodynamics 146

6.7.1. Evolution of Internal Variables 148
6.8. Gibbs Conditions of Thermodynamic Equilibrium 149
6.9. Linear Thermoelasticity 150
6.10. Thermodynamic Potentials in Linear Thermoelasticity 152

6.10.1. Internal Energy 152



viii CONTENTS

6.10.2. Helmholtz Free Energy 153
6.10.3. Gibbs Energy 154
6.10.4. Enthalpy Function 156

6.11. Uniaxial Loading and Thermoelastic E�ect 157
6.12. Thermodynamics of Open Systems: Chemical Potentials 160
6.13. Gibbs{Duhem Equation 162
6.14. Chemical Potentials for Binary Systems 164
6.15. Con�gurational Entropy 165
6.16. Ideal Solutions 166
6.17. Regular Solutions for Binary Alloys 166
6.18. Suggested Reading 168

Chapter 7. NONLINEAR ELASTICITY 171
7.1. Green Elasticity 171
7.2. Isotropic Green Elasticity 173
7.3. Constitutive Equations in Terms of B 174
7.4. Constitutive Equations in Terms of Principal Stretches 175
7.5. Incompressible Isotropic Elastic Materials 176
7.6. Elastic Moduli Tensors 177
7.7. Instantaneous Elastic Moduli 178
7.8. Elastic Pseudomoduli 179
7.9. Elastic Moduli of Isotropic Elasticity 180
7.10. Elastic Moduli in Terms of Principal Stretches 181
7.11. Suggested Reading 182

Part 3. LINEAR ELASTICITY 185

Chapter 8. GOVERNING EQUATIONS 187
8.1. Elementary Theory of Isotropic Linear Elasticity 187
8.2. Elastic Energy in Linear Elasticity 189
8.3. Restrictions on the Elastic Constants 190

8.3.1. Material Symmetry 190
8.3.2. Restrictions on the Elastic Constants 194

8.4. Compatibility Relations 196
8.5. Compatibility Conditions: Ces�aro Integrals 197
8.6. Beltrami{Michell Compatibility Equations 199
8.7. Navier Equations of Motion 199
8.8. Uniqueness of Solution to Linear Elastic Boundary Value

Problem 201
8.8.1. Statement of the Boundary Value Problem 201
8.8.2. Uniqueness of the Solution 201

8.9. Potential Energy and Variational Principle 202
8.9.1. Uniqueness of the Strain Field 204

8.10. Betti's Theorem of Linear Elasticity 204
8.11. Plane Strain 205

8.11.1. Plane Stress 207



CONTENTS ix

8.12. Governing Equations of Plane Elasticity 207
8.13. Thermal Distortion of a Simple Beam 208
8.14. Suggested Reading 210

Chapter 9. ELASTIC BEAM PROBLEMS 213
9.1. A Simple 2D Beam Problem 213
9.2. Polynomial Solutions to r4� = 0 214
9.3. A Simple Beam Problem Continued 215

9.3.1. Strains and Displacements for 2D Beams 216
9.4. Beam Problems with Body Force Potentials 217
9.5. Beam under Fourier Loading 220
9.6. Complete Boundary Value Problems for Beams 223

9.6.1. Displacement Calculations 226
9.7. Suggested Reading 228

Chapter 10. SOLUTIONS IN POLAR COORDINATES 229
10.1. Polar Components of Stress and Strain 229
10.2. Plate with Circular Hole 231

10.2.1. Far Field Shear 231
10.2.2. Far Field Tension 233

10.3. Degenerate Cases of Solution in Polar Coordinates 235
10.4. Bending of Curved Beams: Plane Stress 237

10.4.1. Pressurized Cylinder 240
10.4.2. A Curved Beam 241

10.5. Axisymmetric Deformations 242
10.6. Suggested Reading 245

Chapter 11. TORSION AND BENDING OF PRISMATIC RODS 247
11.1. Torsion of Prismatic Rods 247
11.2. Elastic Energy of Torsion 250
11.3. Torsion of a Rod with Rectangular Cross Section 251
11.4. Torsion of a Rod with Elliptical Cross Section 255
11.5. Torsion of a Rod with Multiply Connected Cross Sections 256

11.5.1. Hollow Elliptical Cross Section 258
11.6. Bending of a Cantilever 259
11.7. Elliptical Cross Section 262
11.8. Suggested Reading 263

Chapter 12. SEMI-INFINITE MEDIA 265
12.1. Fourier Transform of Biharmonic Equation 265
12.2. Loading on a Half-Plane 266
12.3. Upper Half-Plane Loading: Special Case 268
12.4. Symmetric Half-Plane Loading 270
12.5. Half-Plane Loading: Alternative Approach 271
12.6. Additional Half-Plane Solutions 274

12.6.1. Displacement Fields in Half-Spaces 275



x CONTENTS

12.6.2. Boundary Value Problem 276
12.6.3. Speci�c Example 277

12.7. In�nite Strip 280
12.7.1. Uniform Loading: �a � x � a 281
12.7.2. Symmetrical Point Loads 282

12.8. Suggested Reading 283

Chapter 13. ISOTROPIC 3D SOLUTIONS 285
13.1. Displacement-Based Equations of Equilibrium 285
13.2. Boussinesq{Papkovitch Solutions 286
13.3. Spherically Symmetrical Geometries 287

13.3.1. Internally Pressurized Sphere 288
13.4. Pressurized Sphere: Stress-Based Solution 290

13.4.1. Pressurized Rigid Inclusion 292
13.4.2. Disk with Circumferential Shear 292
13.4.3. Sphere Subject to Temperature Gradients 294

13.5. Spherical Indentation 294
13.5.1. Displacement-Based Equilibrium 295
13.5.2. Strain Potentials 296
13.5.3. Point Force on a Half-Plane 297
13.5.4. Hemispherical Load Distribution 298
13.5.5. Indentation by a Spherical Ball 299

13.6. Point Forces on Elastic Half-Space 301
13.7. Suggested Reading 303

Chapter 14. ANISOTROPIC 3D SOLUTIONS 305
14.1. Point Force 305
14.2. Green's Function 305
14.3. Isotropic Green's Function 309
14.4. Suggested Reading 312

Chapter 15. PLANE CONTACT PROBLEMS 313
15.1. Wedge Problem 313
15.2. Distributed Contact Forces 316

15.2.1. Uniform Contact Pressure 318
15.2.2. Uniform Tangential Force 319

15.3. Displacement-Based Contact: Rigid Flat Punch 320
15.4. Suggested Reading 322

Chapter 16. DEFORMATION OF PLATES 323
16.1. Stresses and Strains of Bent Plates 323
16.2. Energy of Bent Plates 325
16.3. Equilibrium Equations for a Plate 325
16.4. Shear Forces and Bending and Twisting Moments 329
16.5. Examples of Plate Deformation 331

16.5.1. Clamped Circular Plate 331



CONTENTS xi

16.5.2. Circular Plate with Simply Supported Edges 332
16.5.3. Circular Plate with Concentrated Force 333
16.5.4. Pealed Surface Layer 333

16.6. Rectangular Plates 334
16.6.1. Uniformly Loaded Rectangular Plate 335

16.7. Suggested Reading 336

Part 4. MICROMECHANICS 337

Chapter 17. DISLOCATIONS AND CRACKS: ELEMENTARY
TREATMENT 339

17.1. Dislocations 339
17.1.1. Derivation of the Displacement Field 341

17.2. Tensile Cracks 342
17.3. Suggested Reading 345

Chapter 18. DISLOCATIONS IN ANISOTROPIC MEDIA 347
18.1. Dislocation Character and Geometry 347
18.2. Dislocations in Isotropic Media 351

18.2.1. In�nitely Long Screw Dislocations 351
18.2.2. In�nitely Long Edge Dislocations 352
18.2.3. In�nitely Long Mixed Segments 352

18.3. Planar Geometric Theorem 354
18.4. Applications of the Planar Geometric Theorem 358

18.4.1. Angular Dislocations 361
18.5. A 3D Geometrical Theorem 362
18.6. Suggested Reading 364

Chapter 19. CRACKS IN ANISOTROPIC MEDIA 365
19.1. Dislocation Mechanics: Reviewed 365
19.2. Freely Slipping Crack 366
19.3. Crack Extension Force 371
19.4. Crack Faces Loaded by Tractions 372
19.5. Stress Intensity Factors and Crack Extension Force 374

19.5.1. Computation of the Crack Extension Force 375
19.6. Crack Tip Opening Displacement 377
19.7. Dislocation Energy Factor Matrix 378
19.8. Inversion of a Singular Integral Equation 381
19.9. 2D Anisotropic Elasticity { Stroh Formalism 381

19.9.1. Barnett{Lothe Tensors 385
19.10. Suggested Reading 387

Chapter 20. THE INCLUSION PROBLEM 389
20.1. The Problem 389
20.2. Elshelby's Solution Setup 390
20.3. Calculation of the Constrained Fields: uc; ec, and �c 393



xii CONTENTS

20.4. Components of the Eshelby Tensor for Ellipsoidal Inclusion 396
20.5. Elastic Energy of an Inclusion 398
20.6. Inhomogeneous Inclusion: Uniform Transformation Strain 399
20.7. Nonuniform Transformation Strain Inclusion Problem 401

20.7.1. The Cases M = 0; 1 406
20.8. Inclusions in Isotropic Media 407

20.8.1. Constrained Elastic Field 407
20.8.2. Field in the Matrix 409
20.8.3. Field at the Interface 409
20.8.4. Isotropic Spherical Inclusion 410

20.9. Suggested Reading 412

Chapter 21. FORCES AND ENERGY IN ELASTIC SYSTEMS 413
21.1. Free Energy and Mechanical Potential Energy 413
21.2. Forces of Translation 415

21.2.1. Force on an Interface 418
21.2.2. Finite Deformation Energy Momentum Tensor 420

21.3. Interaction between Defects and Loading Mechanisms 421
21.3.1. Interaction between Dislocations and Inclusions 423
21.3.2. Force on a Dislocation Segment 425

21.4. Elastic Energy of a Dislocation 426
21.5. In-Plane Stresses of Straight Dislocation Lines 428
21.6. Chemical Potential 430

21.6.1. Force on a Defect due to a Free Surface 432
21.7. Applications of the J Integral 433

21.7.1. Force on a Clamped Crack 433
21.7.2. Application of the Interface Force to Precipitation 434

21.8. Suggested Reading 436

Chapter 22. MICROPOLAR ELASTICITY 439
22.1. Introduction 439
22.2. Basic Equations of Couple-Stress Elasticity 440
22.3. Displacement Equations of Equilibrium 442
22.4. Correspondence Theorem of Couple-Stress Elasticity 443
22.5. Plane Strain Problems of Couple-Stress Elasticity 444

22.5.1. Mindlin's Stress Functions 445
22.6. Edge Dislocation in Couple-Stress Elasticity 446

22.6.1. Strain Energy 447
22.7. Edge Dislocation in a Hollow Cylinder 449
22.8. Governing Equations for Antiplane Strain 452

22.8.1. Expressions in Polar Coordinates 453
22.8.2. Correspondence Theorem for Antiplane Strain 455

22.9. Antiplane Shear of Circular Annulus 455
22.10. Screw Dislocation in Couple-Stress Elasticity 457

22.10.1. Strain Energy 458
22.11. Con�gurational Forces in Couple-Stress Elasticity 459



CONTENTS xiii

22.11.1. Reciprocal Properties 459
22.11.2. Energy due to Internal Sources of Stress 460
22.11.3. Energy due to Internal and External Sources of Stress 461
22.11.4. The Force on an Elastic Singularity 462

22.12. Energy-Momentum Tensor of a Couple-Stress Field 463
22.13. Basic Equations of Micropolar Elasticity 465
22.14. Noether's Theorem of Micropolar Elasticity 467
22.15. Conservation Integrals in Micropolar Elasticity 471
22.16. Conservation Laws for Plane Strain Micropolar Elasticity 472
22.17. M Integral of Micropolar Elasticity 473
22.18. Suggested Reading 474

Part 5. THIN FILMS AND INTERFACES 477

Chapter 23. DISLOCATIONS IN BIMATERIALS 479
23.1. Introduction 479
23.2. Screw Dislocation Near a Bimaterial Interface 479

23.2.1. Interface Screw Dislocation 481
23.2.2. Screw Dislocation in a Homogeneous Medium 481
23.2.3. Screw Dislocation Near a Free Surface 482
23.2.4. Screw Dislocation Near a Rigid Boundary 482

23.3. Edge Dislocation (bx) Near a Bimaterial Interface 483
23.3.1. Interface Edge Dislocation 487
23.3.2. Edge Dislocation in an In�nite Medium 489
23.3.3. Edge Dislocation Near a Free Surface 490
23.3.4. Edge Dislocation Near a Rigid Boundary 491

23.4. Edge Dislocation (by) Near a Bimaterial Interface 492
23.4.1. Interface Edge Dislocation 492
23.4.2. Edge Dislocation in an In�nite Medium 494
23.4.3. Edge Dislocation Near a Free Surface 495
23.4.4. Edge Dislocation Near a Rigid Boundary 496

23.5. Strain Energy of a Dislocation Near a Bimaterial Interface 496
23.5.1. Strain Energy of a Dislocation Near a Free Surface 499

23.6. Suggested Reading 500

Chapter 24. STRAIN RELAXATION IN THIN FILMS 503
24.1. Dislocation Array beneath the Free Surface 503
24.2. Energy of a Dislocation Array 505
24.3. Strained-Layer Epitaxy 506
24.4. Conditions for Dislocation Array Formation 508
24.5. Frank and van der Merwe Energy Criterion 511
24.6. Gradual Strain Relaxation 514
24.7. Stability of Array Con�gurations 517
24.8. Stronger Stability Criteria 518
24.9. Further Stability Bounds 520

24.9.1. Lower Bound 520



xiv CONTENTS

24.9.2. Upper Bound 523
24.10. Suggested Reading 526

Chapter 25. STABILITY OF PLANAR INTERFACES 527
25.1. Stressed Surface Problem 527
25.2. Chemical Potential 529
25.3. Surface Di�usion and Interface Stability 531
25.4. Volume Di�usion and Interface Stability 532
25.5. 2D Surface Pro�les and Surface Stability 537
25.6. Asymptotic Stresses for 1D Surface Pro�les 540
25.7. Suggested Reading 542

Part 6. PLASTICITY AND VISCOPLASTICITY 543

Chapter 26. PHENOMENOLOGICAL PLASTICITY 545
26.1. Yield Criteria for Multiaxial Stress States 546
26.2. Von Mises Yield Criterion 547
26.3. Tresca Yield Criterion 551
26.4. Mohr{Coulomb Yield Criterion 552

26.4.1. Drucker{Prager Yield Criterion 554
26.5. Gurson Yield Criterion for Porous Metals 556
26.6. Anisotropic Yield Criteria 557
26.7. Elastic-Plastic Constitutive Equations 559
26.8. Isotropic Hardening 561

26.8.1. J2 Flow Theory of Plasticity 562
26.9. Kinematic Hardening 563

26.9.1. Linear and Nonlinear Kinematic Hardening 565
26.10. Constitutive Equations for Pressure-Dependent Plasticity 566
26.11. Nonassociative Plasticity 568
26.12. Plastic Potential for Geomaterials 569
26.13. Rate-Dependent Plasticity 571
26.14. Deformation Theory of Plasticity 573

26.14.1. Rate-Type Formulation of Deformation Theory 574
26.14.2. Application beyond Proportional Loading 576

26.15. J2 Corner Theory 577
26.16. Rate-Dependent Flow Theory 580

26.16.1. Multiplicative Decomposition F = F e � F p 580
26.17. Elastic and Plastic Constitutive Contributions 582

26.17.1. Rate-Dependent J2 Flow Theory 583
26.18. A Rate Tangent Integration 584
26.19. Plastic Void Growth 586

26.19.1. Ideally Plastic Material 590
26.19.2. Incompressible Linearly Hardening Material 590

26.20. Suggested Reading 593



CONTENTS xv

Chapter 27. MICROMECHANICS OF CRYSTALLOGRAPHIC
SLIP 595

27.1. Early Observations 595
27.2. Dislocations 604

27.2.1. Some Basic Properties of Dislocations in Crystals 609
27.2.2. Strain Hardening, Dislocation Interactions, and

Dislocation Multiplication 612
27.3. Other Strengthening Mechanisms 615
27.4. Measurements of Latent Hardening 619
27.5. Observations of Slip in Single Crystals and Polycrystals at

Modest Strains 624
27.6. Deformation Mechanisms in Nanocrystalline Grains 627

27.6.1. Background: AKK Model 635
27.6.2. Perspective on Discreteness 641
27.6.3. Dislocation and Partial Dislocation Slip Systems 642

27.7. Suggested Reading 644

Chapter 28. CRYSTAL PLASTICITY 645
28.1. Basic Kinematics 645
28.2. Stress and Stress Rates 649

28.2.1. Resolved Shear Stress 650
28.2.2. Rate-Independent Strain Hardening 652

28.3. Convected Elasticity 653
28.4. Rate-Dependent Slip 655

28.4.1. A Rate Tangent Modulus 656
28.5. Crystalline Component Forms 659

28.5.1. Additional Crystalline Forms 662
28.5.2. Component Forms on Laboratory Axes 664

28.6. Suggested Reading 665

Chapter 29. THE NATURE OF CRYSTALLINE DEFORMATION:
LOCALIZED PLASTIC DEFORMATION 667

29.1. Perspectives on Nonuniform and Localized Plastic Flow 668
29.1.1. Coarse Slip Bands and Macroscopic Shear Bands in

Simple Crystals 668
29.1.2. Coarse Slip Bands and Macroscopic Shear Bands in

Ordered Crystals 669
29.2. Localized Deformation in Single Slip 671

29.2.1. Constitutive Law for the Single Slip Crystal 671
29.2.2. Plastic Shearing with Non-Schmid E�ects 672
29.2.3. Conditions for Localization 675
29.2.4. Expansion to the Order of � 678
29.2.5. Perturbations about the Slip and Kink Plane

Orientations 680
29.2.6. Isotropic Elastic Moduli 683
29.2.7. Particular Cases for Localization 685



xvi CONTENTS

29.3. Localization in Multiple Slip 691
29.3.1. Double Slip Model 691
29.3.2. Constitutive Law for the Double Slip Crystal 691

29.4. Numerical Results for Crystalline Deformation 696
29.4.1. Additional Experimental Observations 696
29.4.2. Numerical Observations 699

29.5. Suggested Reading 701

Chapter 30. POLYCRYSTAL PLASTICITY 705
30.1. Perspectives on Polycrystalline Modeling and Texture

Development 705
30.2. Polycrystal Model 709
30.3. Extended Taylor Model 711
30.4. Model Calculational Procedure 713

30.4.1. Texture Determinations 714
30.4.2. Yield Surface Determination 716

30.5. Deformation Theories and Path-Dependent Response 718
30.5.1. Speci�c Model Forms 720
30.5.2. Alternative Approach to a Deformation Theory 721
30.5.3. Nonproportional Loading 721

30.6. Suggested Reading 724

Chapter 31. LAMINATE PLASTICITY 725
31.1. Laminate Model 725
31.2. Additional Kinematical Perspective 729
31.3. Final Constitutive Forms 730

31.3.1. Rigid-Plastic Laminate in Single Slip 731
31.4. Suggested Reading 733

Part 7. BIOMECHANICS 735

Chapter 32. MECHANICS OF A GROWING MASS 737
32.1. Introduction 737
32.2. Continuity Equation 738

32.2.1. Material Form of Continuity Equation 739
32.2.2. Quantities per Unit Initial and Current Mass 740

32.3. Reynolds Transport Theorem 741
32.4. Momentum Principles 742

32.4.1. Rate-Type Equations of Motion 744
32.5. Energy Equation 744

32.5.1. Material Form of Energy Equation 746
32.6. Entropy Equation 747

32.6.1. Material Form of Entropy Equation 748
32.6.2. Combined Energy and Entropy Equations 748

32.7. General Constitutive Framework 749
32.7.1. Thermodynamic Potentials per Unit Initial Mass 750



CONTENTS xvii

32.7.2. Equivalence of the Constitutive Structures 751
32.8. Multiplicative Decomposition of Deformation Gradient 751

32.8.1. Strain and Strain-Rate Measures 753
32.9. Density Expressions 753
32.10. Elastic Stress Response 755
32.11. Partition of the Rate of Deformation 756
32.12. Elastic Moduli Tensor 757

32.12.1. Elastic Moduli CoeÆcients 759
32.13. Elastic Strain Energy Representation 759
32.14. Evolution Equation for Stretch Ratio 760
32.15. Suggested Reading 762

Chapter 33. CONSTITUTIVE RELATIONS FOR MEMBRANES 763
33.1. Biological Membranes 763
33.2. Membrane Kinematics 764
33.3. Constitutive Laws for Membranes 768
33.4. Limited Area Compressibility 770
33.5. Simple Triangular Networks 770
33.6. Suggested Reading 771

Part 8. SOLVED PROBLEMS 773

Chapter 34. SOLVED PROBLEMS FOR CHAPTERS 1-33 775

Bibliography 987

Index 1009



Part 1

MATHEMATICAL

PRELIMINARIES









Part 2

CONTINUUM MECHANICS













Part 3

LINEAR ELASTICITY













Part 4

MICROMECHANICS











Part 5

THIN FILMS AND INTERFACES







Part 6

PLASTICITY AND

VISCOPLASTICITY











Part 7

BIOMECHANICS







Part 8

SOLVED PROBLEMS







Index

Absolute Temperature, 133

Acoustic Tensor, 307

Adaptive Elasticity, 737

Adiabatic Loading, 138

AÆnity, 147, 148, 747

Airy Stress Function, 206, 483, 487, 492

Angle of Twist, 247

Angular Change

between �bers, 87

of principal directions, 87

Anisotropic

elastic solid, 305, 401, 729

elasticity, 385

hardening, 563

Antiplane

shear, 456

strain, 452

Aorta, 761

Apposition, 737

Arc Length, 68

Area Change, 74

for a membrane, 766

Asaro{Tiller Field, 541

Associative Flow Rule, 568

Asymptotic Stress Fields, 541

Axial Vector, 18, 99

Axisymmetric Problems, 242

Back Stress, 563

Balance of Angular Momentum, 109

Barnett{Lothe Tensors, 386

Bauschinger E�ect, 563, 717

Beltrami{Michell Equations, 199

Bending of Beams, 259

Bessel Functions, 450

Betti's Reciprocal Theorem, 205, 369

couple-stress elasticity, 459

Bianchi Conditions, 198

Bifurcation, 590

Biharmonic Equation, 207, 213

polynomial solutions, 214

with body forces, 218

Bimaterial Interface, 479, 483, 492

Binary Alloy, 166

Biomaterials, 737

Blatz{Ko Strain Energy, 840

Blood Vessel, 761

Body Force Potential, 206

Boussinesq{Papkovitch Solutions, 287

Burgers Vector, 340, 480, 483, 492

Cauchy Elasticity, 172

Cauchy Stress, 105

nonsymmetric, 466

principal values of, 110

symmetry of, 109

Cauchy Tetrahedron, 106

Cauchy{Green Deformation Tensor, 67

Cavitation Instability, 593

Cayley{Hamilton Theorem, 24

Ces�aro Integrals, 198

Characteristic Equation, 14, 24

Chemical Potential, 160, 431, 530

Christo�el Sti�ness Tensor, 307

Circular Plate, 333

Clapeyron's Formula, 128

Clausius{Duhem Inequality, 133

Coarse Slip Bands, 669

CoeÆcient

of compressibility, 141

of thermal expansion, 141

Compatibility Equations, 196, 441

Beltrami{Michell, 199

Saint-Venant, 198

Compliances Tensor, 136

Con�gurational

entropy, 165

force, 468

Conservation

integrals, 471

1009



1010 INDEX

laws, 472

of mass, 38

Consistency Condition, 560, 570

Constitutive Equations

linear elasticity, 187

nonlinear elasticity, 172

plasticity

deformation theory, 575

isotropic hardening, 562

kinematic hardening, 565

nonassociative, 569

pressure-dependent, 568

rate-dependent, 572

Constrained

equilibrium, 146

�eld, 393

Contact Problems, 313

Continuity Equation, 39, 738

Convected

lattice vectors, 647

stress rate, 121, 818

Convolution Integrals, 54

Coordinate Transformation, 5

Core Energy, 497, 500

Corner Theory of Plasticity, 578

Corotational Stress Rate, 121

Correspondence Theorem, 443, 455

Cotter{Rivlin Convected Rate, 819

Coulomb's Law, 30

Couple-Stress, 439, 440, 466

Coupled Heat equation, 139

Crack Extension Force, 374

Crack Opening Displacement, 377

Creep, 572

Critical

conditions for localization, 689

�lm thickness, 508

hardening rate, 680

nucleus size, 436

resolved shear stress, 599

Crystal Plasticity, 645, 725

laminate model, 725

single slip, 731

Curl, 63, 64

Curvature Tensor, 441, 466

Cylindrical

coordinates, 804

void, 593

Debye's Temperature, 143

Deformation Gradient, 65

cylindrical coordinates, 807

multiplicative decomposition, 580, 752

Deformation Rate, 79, 84, 85

Deformation Theory of Plasticity, 573,

575, 719

Degenerate Solutions, 235

Densi�cation, 740

Determinant, 8

Deviatoric

plane, 555

work, 548

Dilatancy Factor, 570

Dilatant Materials, 568

Dirac Delta Function, 57, 269, 309

Dirichlet Conditions, 47

Disclination, 907

Dislocation, 340, 347

core, 496

density, 608

distribution, 342

driving force, 517, 519

edge, 492, 605

energy, 496, 498, 500

forces on, 426

forest, 613

injection, 523

interactions, 612

line, 347

mis�t, 507, 509

multiplication, 615

near free surface, 500

partial, 611

perturbed array, 522

recession, 517

spacing, 508

threading, 508, 514

Dislocation Array

energy, 505

formation, 508, 515

stress �eld, 503

Dislocation Force

array, 506

edge dislocation, 486, 491, 494, 495

screw dislocation, 480, 482

straight, 500

Displacement Discontinuity, 493, 497, 505

Displacements

determination of, 226

half space, 275

in beam, 216

nonsingle valued, 340

Distributed Contact Loading, 317

Div, 64

Divergence Theorem, 29, 37, 39

Double Fourier Series, 42
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Double Slip, 691

Drucker{Prager Yield Criterion, 554

Duhamel{Neuman Expression, 152

Dulong{Petit Limit, 143

Dyadic Notation, 14

Eccentricity, 766

Edge Dislocation, 347, 483

couple-stress elasticity, 446

near free surface, 490, 495

Eigenvalues, 14, 72

symmetric tensors, 15

Eigenvectors, 14, 72

orthogonality of, 72

stretch of, 72

Elastic

compliances tensor, 136

constants, 195

deformation gradient, 580

moduli tensor, 182, 757

pseudomoduli, 179

sti�ness tensor, 136

unloading, 580

Elastic-Plastic Interface, 589

Elasticity

3D, 305

Cauchy, 172

crystal elasticity, 655

Green, 171

isotropic, 173

nonlinear, 171

Energy

Gibbs, 135, 147

Helmholtz free, 135, 147

internal, 132

kinetic, 132

of a dislocation line, 427

total, 131

Energy Equation, 132

with mass growth, 745

Energy Factor

matrix, 609

tensor, 365

Energy Momentum Tensor, 417

�nite deformations, 421

micropolar elasticity, 472

Energy Release Rate, 365, 374

Enthalpy, 136, 148

of mixing, 166

Entropic Elasticity, 135

Entropy, 133

of mixing, 166

Epitaxial

growth, 507

layer, 507

Equilibrium Equations, 109

Eshelby

inclusion problem, 389

tensor, 396

Euler's Laws of Motion, 742

Eulerian

strain, 814

rate of, 87

triad, 91

Evolution Equation, 149, 568

for mass growth, 761

for stretch ratio, 760

Evolution of Back Stress, 563, 565

Extended

dislocation, 611

Taylor model, 706

Fiber

rotation of, 21

stretch, 69

stretching rate, 83

Film Thickness, 508

First Law of Thermodynamics, 131

First Piola{Kirchho� Stress, 113

Flamant Solution, 865

Flat Punch, 321

Flexural Rigidity, 328

Flow Potential, 572

Flow Rule

associative, 568

nonassociative, 569

Flux, 35, 147, 148, 747

Force

generalized, 415

on a dislocation, 426

on a precipitate interface, 435

on an interface, 418

Forest Dislocations, 613

Fourier

double series, 42

integral theorem, 52

kernel, 45

law of conduction, 138

loading, 220, 223

series, 41

transform, 44, 53, 306

Frame Indi�erence, 117

Frank and van der Merwe Criterion, 511

Frank{Read Source, 634

Free Energy, 415
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Galerkin Vector, 296

Gauss

divergence theorem, 29

law, 31

Generalized

force, 415

plastic strain, 561

Geometrical

hardening, 732

softening, 603, 696, 732, 969

Gibbs

conditions of equilibrium, 149

energy, 135, 147, 162, 415

Gibbs{Duhem Equation, 163

Grad, 64

Green

elasticity, 171

function, 305

isotropic elasticity, 173

lattice strain, 728

strain, 67

stretch tensor, 98

GriÆth

crack, 385, 920

criterion, 371

Gurson Yield Criterion, 556

Half-Plane Loading, 268

Half-Space Solutions, 265

Hall{Petch Relation, 617

Hard Tissue, 737

Hardening, 560

isotropic, 561

kinematic, 563

Heat

capacity, 143

conduction, 131

Fourier law, 138

equation, 138


ow, 131

Helmholtz Equation, 443

Helmholtz Free Energy, 135, 147

with mass growth, 749

Hertz Problem, 299

Hollow Dislocation, 449

Hooke's Law, 174, 187

Hyperelasticity, 172

Hypertension, 761

Hypertrophy, 738

Ideal

plasticity, 560

solution, 166

Ideally Plastic Material, 590

Identity Tensor, 8, 12

Image Force on a Defect, 432

Inclusion

elastic energy of, 398

�eld at the interface, 409

�eld in the matrix, 409

inhomogeneous, 399

isotropic spherical, 410

problem statement, 389

Incompressibility Constraint, 177

Incompressible Elasticity, 176

In�nite Strip, 280

In
ation of Balloon, 842

Inhomogeneous Inclusion, 399

Instantaneous Elastic Moduli, 178

Integral

derivative, 94

transform, 44

Interaction Energy, 421, 508, 521, 523

between dislocations, 369

Interface Dislocation

edge, 487, 492

screw, 481

Interface Force, 418

Intermediate Con�guration, 580

Internal Energy, 132

with mass growth, 749

Internal Variables, 146

Invariant Functional, 469

Invariants, 8, 14, 15

Inverse

Fourier transform, 53

of a tensor, 8

pole �gures, 714

Irreversible Thermodynamics, 146

Isochoric Plastic Deformation, 562

Isotropic

Green elasticity, 173

hardening, 561

inclusion, 407

material, 173

J Integral, 417, 472

J2 Deformation Theory of Plasticity, 575

Jaumann Stress Rate, 121, 123, 649

cylindrical coordinates, 824

on crystal spin, 649

Johnson{Cook Model, 573

Joule's E�ect, 158

Kernel, 45

Kinematic Hardening, 563
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linear, 565

nonlinear, 565

Prager, 565

Ziegler, 565

Kinetic Energy, 132

Kirchho� Stress, 116

Kolosov Constant, 207, 484

Kronecker Delta, 4

L Integral, 472

Lagrangian

multiplier, 177

strain, 67

triad, 90

Lam�e

constants, 194

problem, 291

Laminate Plasticity, 726

Laplace's Equation, 199, 443

Latent

hardening, 619, 655

heat, 137

Lattice

base vectors, 647

parameter, 510

Lattice Rotation, 601

geometrical softening, 697, 700

shear bands, 697, 700

Left Stretch Tensor, 23

Line Integrals

material derivative, 96

Linear Dependence, 15

Linearly Hardening Material, 591

Loading Index

kinematic hardening, 564

pressure-dependent plasticity, 567

Localized Plastic Deformation, 667

Love's Potential, 297

M Integral, 473, 921

Macroscopic Shear Bands, 669

Mass

conservation, 38


ow, 35

growth, 737, 739, 760

resorption, 761

Material Derivative, 81

line integrals, 96

surface area, 95

surface integrals, 95

volume integrals, 95

Material Length, 448

Matthews{Blakeslee Criterion, 508

Maximum Shear Stress, 111

Maxwell Relations, 148

Mechanical Power Input, 124

Mellin Transforms, 45

Michell's Solution, 866

Micropolar

continuum, 439

elasticity, 465

Mindlin's Stress Functions, 445

Mis�t Dislocation, 507, 509

Mismatch Strain, 510, 511

Mixed Dislocations, 352

Mohr's Envelope, 553

Mohr{Coulomb Yield Criterion, 553

Molar Gibbs Energy, 164

Mooney{Rivlin Material, 177, 838

Morphogenesis, 738

Multiple Slip, 691

Multiplicative Decomposition, 580

in biomechanics, 751

Multiply Connected

cross section, 256

regions, 198

Murnaghan's Constants, 174

Nanocrystalline Grains, 634

Nanson's Relation, 75

Necking, 577

neo-Hookean Material, 177

Newtonian Fluid, 841

Noether's Theorem, 467

Nominal

stress, 113, 116

traction, 815

non-Schmid

e�ect, 685

stress, 674

Nonassociative Flow Rule, 569

Nonlinear Elasticity, 171

Norm of a Function, 42

Objective Rate, 102, 121

Octahedral

plane, 548, 554

shear stress, 548

Oldroyd Rate, 177, 817, 818

Onsager Reciprocity Relations, 148

Open Thermodynamic System, 160

Opening Angle, 761

Ordered Crystals

localized deformation, 671

Orthogonal Tensors, 18

geometrical interpretation, 20
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speci�c forms of, 100

Orthonormal Basis, 4, 13

Papkovich{Neuber Potentials, 916

Partial Dislocations, 611, 636

Peach{Koehler Force, 149, 426, 610, 964

Peierls{Nabarro Dislocation, 905

Permutation Tensor, 5

Phenomenological Plasticity, 545

Plane

strain, 206

stress, 207

Plane Stress Modulus, 679

Plastic

potential, 569

deformation gradient, 580

potential surface, 569

rate potential, 578

secant modulus, 576

strain, 573

tangent modulus, 562, 576

void growth, 586

Plasticity, 545

associative, 568

corner theory, 578

deformation theory, 573, 575

ideal, 560

nonassociative, 569

strain hardening, 545

Plates

equilibrium, 325


exural rigidity, 328

Point Force, 274, 297, 302

Poisson's Equation, 199

Polar Decomposition, 22, 72

Polynomial Solutions, 213

Porosity, 557

Positive De�nite Tensors, 16

Potential Energy, 203, 413

bent plate, 328

couple-stress elasticity, 463

Poynting E�ect, 840

Prager's Hardening, 565

Prandtl Stress Function, 251

Precipitation, 435

Pressure-Dependent Plasticity, 566

Pressure-Sensitive Plastic Flow, 685

Pressurized

cylinder, 240

sphere, 289

Principal

directions, 87

stresses, 110

stretch, 23, 72, 90, 175

Principle of Virtual Work, 123

Proportional Loading, 573, 576

Pseudo Traction, 816

Pseudomoduli, 179

Quadratic Forms, 24

Rate

of deformation, 79, 757

of working, 116

potential, 578

sensitivity, 727

tangent modulus, 656

Rate-Dependent

plasticity, 571

slip, 655, 713

Recall Term, 565

Reciprocal Symmetry, 569

Regular Solution, 166

Reiner{Rivlin Fluid, 840

Remodeling, 738

Residual Strain, 761

Resolved Shear Stress, 572

Reuss Estimates, 979

Reversible Thermodynamics, 134

Reynolds Transport Theorem, 742

Right Stretch Tensor, 23

Rigid

inclusion, 292

indenters, 313

Rigid Body Motion, 100

Rivlin{Ericksen Tensors, 792

Rocks, 568

Rotation Tensor, 440

Rubber Model, 177

Saint-Venant

compatibility equations, 197, 198

principle, 216

Saint-Venant�Kirchho�Assumption, 173,

836

Scalar Field, 63

gradient, 81

Scalar Product, 3

Schmid

rule, 599, 672

stress, 672

Screw Dislocation, 347, 351, 479

couple-stress elasticity, 457

near free surface, 482

Secant Modulus, 574

Second Law of Thermodynamics, 133

Second Piola{Kirchho� Stress, 116



INDEX 1015

Semi-Inverse Method, 259

Shear

center, 262

modulus, 187

strain, 69

Shear Stress

maximum, 111

resolved, 572

Simple Beam

Fourier loading, 220

Simple Shear, 66, 97

Single Valued Displacements, 239

Singular Integral Equation, 343

Slip

steps, 595

system, 572

traces, 596

Slip-Plane Hardening, 655

Small Strain, 71

Soft Tissue, 737, 759

Softening, 560

geometric, 969

vertex, 577

Soil Mechanics, 554

Speci�c Heat, 137

Sphere

subject to temperature gradient, 294

Spherical

coordinates, 287

indentation, 294

void, 587

Spin Rate, 85

plastic part, 729

Spin Tensor, 90

Stability

array, 520

bounds, 517, 525

dislocation array, 517

Stacking Faults, 611

emission from grain boundaries, 636

State Variables, 134

Static Equilibrium, 106, 110

Stationary Discontinuity, 675

Sti�ness Tensor, 136

Stokes Theorem, 29

Stoney's Formula, 935

Strain

de�nitions, 64

Eulerian, 65

integration of, 216

Lagrangian, 65

logarithmic, 65

natural, 65

nominal, 64

potentials, 296

rate, 87

relaxation, 514

shear, 69

small, 71

Strain Energy, 171

for soft tissues, 759

isotropic elasticity, 174

Strain Hardening, 545

crystal plasticity, 652

localization, 689

origins of, 600

single crystal, 728

Strength-Di�erential E�ect, 568

Stress

Cauchy, 105

�rst Piola{Kircho�, 113

function, 383

invariants, 547

Kirchho�, 116

nominal, 113, 116

power, 125

rate, 121

second Piola{Kirchho�, 116

work conjugate, 114

Stretch, 64

principal, 72

tensor, 67

Stroh Formalism, 381

Structural Rearrangements, 146

Substrate, 507

Surface

energy, 530

instability, 537

Surface Integrals, 33

material derivative, 95

Symmetric Tensor, 15

Tangent Modulus, 574

plastic, 576

secant, 576

Taylor

lattice, 607

model, 706

Temperature, 133, 572

Tensile Crack, 342

Tensors

antisymmetric, 16

axial vector, 18

characteristic equation, 14

conductivities, 138

determinant, 8
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�eld, 30

invariants, 8, 15

inverse, 8

orthogonal, 18

positive de�nite, 16

product, 12

spectral forms, 15

symmetric, 15, 16

trace, 8

transpose, 7

Texture Determination, 714

Thermal Strains, 206

Thermodynamic

force, 147

potential, 147, 148

system, 131

Thermoelastic E�ect, 158

Thermoelasticity, 147, 151, 206

Thin

�lms, 507

plates, 323

Thin-Walled Section, 870

Third Law of Thermodynamics, 145

Threading Dislocation, 508, 514

Time-Independent Behavior, 572

Tissue, 737

Torsion, 247

displacements, 247

elliptical cross section, 255

energy of, 250

function, 248

multiply connected cross sections, 256

rectangular cross section, 251

rigidity, 250

Total Energy, 413

Total Strain Theories, 719

Trace, 8, 12

Traction Vector, 105

Transformation Strain, 389, 391

polynomial, 401

Transmural Cut, 761

Transport Formulae, 94

Tresca Yield Criterion, 551

Triple Product, 3, 4, 9, 15

Uniform Contact Pressure, 319

Uniqueness of Solution, 201

Unit Cells, 599

Vector Field, 30

curl of, 63

di�erentiable, 63

divergence, 63

gradient, 81

Vector Product, 3

Vegard's Rule, 510

Velocity, 81

Velocity Gradient, 82

antisymmetric part, 85

crystal plasticity, 646

elastoplastic deformation, 582

symmetric part, 85

Velocity Strain, 84

Vertex Softening, 577

Virtual Work, 123

Void Growth, 568, 586

Voigt

estimates, 978

notation, 190

Volterra's Integral, 350

Volume

change, 73

integrals, 95

rate of change, 95

Volumetric

strain, 187

strain rate, 567

Von Mises Yield Criterion, 547

Wedge Problem, 313

Width of Dislocation, 905

Work Conjugate Stress, 114

Yield

cone, 555

surface, 563

vertex, 577

Yield Criterion

Drucker{Prager, 554, 568

Gurson, 556, 568

Mohr{Coulomb, 553

pressure-dependent, 554, 566

Tresca, 551

von Mises, 547

Yield Surface, 561

Young's Modulus, 187

Ziegler's Hardening, 565


