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 These notes are written to remind myself of what to say in class.  Thus, the notes are not 
self-contained.  Students are assumed to know about plane elasticity problems, and about 
functions of a complex variable.  The book by Carrier, Krook and Pearson is good if you need to 
review ideas of functions of a complex variable.   
 I’ll first illustrate some of these ideas by applying them to anti-plane shear problems.  I’ll 
then move on to in-plane deformation.  The last topic will be two dimensional elasticity 
problems in anisotropic materials.  If you found any errors in these notes, please kindly let me 
know (suo@seas.harvard.edu). 
   
 What type of PDEs can be solved using complex variable methods?  In the lecture on 
plane elasticity problems (http://imechanica.org/node/319), we have seen that the governing 
equations in terms of the displacements have the following attributes: 

• The equations are linear in displacements 
• The equations are homogenous 
• Every term in the equations has the same order of differentials 
• Each function depends on two coordinates 

Equations with such attributes may be solved using complex variable methods. 
 
 Anti-plane shear.  Consider an isotropic, linearly elastic body in a state of anti-plane 
deformation.  Examples:  a crack, a hole.  The field of the displacement takes the following form: 
  0== vu ,     ( )yxww ,= . 
The nonzero components of the strain tensor are 
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Hooke’s law is specialized to 
  xzxz µγτ = ,   yzyz µγτ = . 
The equilibrium equation is 
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∂
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A combination of the above equations gives that 
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This is the PDE that governs the displacement field. 
 On the surface of the body, two kinds of boundary conditions are commonly used: 

http://imechanica.org/node/319
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• Prescribed displacement. 
• Prescribed traction:  yzyxzxz nnt ττ +=  

 
The general solution to the PDE.  Try a solution of the form 

  ( ) ( )zfyxw =, , 
where 
  pyxz += . 
Here p is a constant to be determined.  Inserting ( ) ( )zfyxw =,  into the PDE, 
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we obtain that 

  ( ) ( ) 01 2

2
2 =+

dz
zfdp . 

This equation is satisfied by an arbitrary function ( )zf  if 
  . 01 2 =+ p
This is an algebraic equation.  The roots are ip =  and ip −= .  Consequently, the general 
solution to the PDE is 
  ( ) ( ) ( )zgzfyxw +=, , 
where f and g are arbitrary functions; iyxz +=  and iyxz −= .   
 Conventions in writing complex conjugation.  For example, let , where a 

and b are complex numbers.  Thus, 

( ) ( )bazzf −=

( ) ( )bazzf −= , ( ) ( )bazzf −= , and ( ) ( )bazzf −= .   
 Because the displacement w is real, the general solution is 
  ( ) ( ) ( )zfzfyxw +=, . 
To be consistent with commonly used notation in the literature, we adopt another function 

( ) ( )zfiz µω 2= , so that 

  ( ) ( )[ ] ( )[ ]zzz
i

w ωωωµ Im
2
1

=−= . 
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 We next express stresses in terms of the complex function 
( )zω .  Note that 
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nyA combination of the above two expressions gives that 
dy nx  ( )zi xzyz 'ωττ =+ . ds 

 We can also calculate the resultant force on an arc.  Note that 

  
ds
dynx = ,   

ds
dxny −=  -dx 

Thus, the traction is    
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The resultant force is 

   ( )[ ] constantRe
0

+−== ∫ zdstF
s

s zz ω

 Summary of equations.  The general solution to the anti-plane problem is given a 
function of a complex variable, ( )zω , where iyxz += , such that 

  ( ) ( )[ ] ( )[ ]zzz
i

w ωωωµ Im
2
1

=−=  

  ( )zi xzyz 'ωττ =+  

  ( ) ( )[ ] constantRe
0

+−== ∫ zdstsF
s

s zz ω  

The PDE is satisfied by any function ( )zω .  No more PDE to solve.  All we need to do is to 
select a function ( )zω  to satisfy boundary conditions. 
 
 A point in a plane represents a complex number.  A point in a plane is represented by 
the Cartesian coordinates ( , or by polar coordinates )yx, ( )θ,r .  The two sets of coordinates are 
related by 
  θcosrx = ,      θsinry = . 
The same point can also be represented by a single 
complex number, iyxz += .  Recall Euler’s formula, 
  ( ) θθθ sincosexp ii +=  
Thus we write 
  ( )θirz exp= .  

We cal r the modulus and θ  the argument of the complex 
number z. 
 Analytic functions.  A function ( )zf  of a complex variable z is a mapping from one 
complex number to another complex number.  The function is differentiable if 

  ( ) ( )
z

zff
−
−

ξ
ξ  

approaches the same value for any direction of approach of ξ  to z.  This limit is called the 
derivative of the function , and is denoted by ( )zf ( )zf '  or ( ) dzzdf / . 
 Example 1:  .  Calculate the ratio ( ) 3zzf =

  22
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z
z

++=
−
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ξ
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However ξ  approaches z, the above ratio approaches .  Consequently, the function 23z ( ) 3zzf =  

x 
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is differentiable, and . ( ) 23' zzf =
 Example 2: ( ) zzf = .  Let .  Examine the ratio αρξ iez =−

  α

ξ
ξ ie

z
z 2−=

−
− . 

The value of the limit depends on how ξ  approaches z.  Consequently, the function ( ) zzf =  is 
not differentiable. 
 Example 3:  ( ) zzzf = .  Examine the ratio 

  ( )( ) ( ) ααα
α
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ρ
ρ

ρρ
ξ
ξξ iii
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Unless , the value of the limit depends on how 0=z ξ  approaches z.  Consequently, the function 
( ) zzzf =  is differentiable at point z = 0, but is not differentiable at any other points. 

 If (  is differentiable at , and also at each point in some neighborhood of , then 
 is said to be analytic at .  The terms holomorphic, monogenic, and regular are also used. 

   

)zf 0z 0z
( )zf 0z

 Multi-valued functions.  Brunch cut.  The function  is defined as zlog
  θirz += loglog . 
The function is multi-valued.  That is, for the same point z on 
the plane, θ  may take multiple values, so that takes 
multiple values.   

zlog

 To make the function single-valued, we need to restrict 
the range of θ .  For example, we can restrict θ  to be 

πθ 20 <≤ .  This restriction has a graphic interpretation on the plane:  The plane is cut by a line 
0=θ , known as the brunch cut.  When the point z moves in the plane, without crossing the 

brunch cut, the function  is single-valued.  Of course, for the function , we can draw 
brunch cut in any direction, so long as we explicitly state how we cut and what is the range of 
the angle 

zlog zlog

θ .   

z = 0 πθ 2=

0=θ

 
 Line force in an infinite body.  In an infinite body, a line force P (force per unit length) 
acts at x = 0 and y = 0.  Linearity and dimensional consideration dictate that stress field at 
distance r scales as 
  rP /∝τ  
We expect the solution takes the form x x 
  ( ) zAz log=ω , 
where A is a constant to be determined. 
 We cut a small circular disk out. 
 Force balance: ( ) ( ) PrFrFz −=− 0,2, π  
 No dislocation: ( ) ( ) 00,2, =− rwrw π  
These conditions correspond to 

  
[ ]
[ ] 02Im
2Re

=
=
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π
π

 

The solution is 

Branch cut 
x 
x 
x 
x  x 

x 
x 
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P 
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so that the complex function is 

  ( ) z
i

Pz log
2π

ω = . 

 The displacement field is 
    

  ( )[ ] rPzw log
2

Im
π

ωµ −==  

The stress field is 

  ( ) ( )θθ
ππ

ωττ cossin
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' i
r

P
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or 

  θ
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τθ
π
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2
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2 r

P
r

P
xzyz −== . 

 Screw dislocation.  Describe a screw dislocation.  Dimensional consideration dictates 
that the stress field should take the form 

  
r

bµτ ~ . 

Thus, we expect the complex function takes the form 
  ( )θω irBzB +== loglog  
The constant B is determined by the following conditions: 

• No resultant force ( ) ( ) 00,2, =− rFrF π , or ( ) 02Re =iBπ  
• Burgurs vector:  ( ) ( ) brwrw =− 0,2, π , to ( ) µπ biB =2Im  

 The solution is 

  zb log
2π
µω = . 

 The displacement field is 

  ( )[ ] θ
π

µωµ
2

Im bzw == . 

 The stress field is 
   

  ( ) ( )θθ
π

µ
π

µωττ sincos
22

' i
r
b

z
bzi xzyz −===+ . 

 Thus, 

  θ
π

µτθ
π

µτ sin
2

,cos
2 r

b
r
b

xzyz −== . 

 
 A crack in an infinite block.  The following function 

  ( )
22

'
az

zz
−

=
τω  

satisfies the remote boundary condition 
  0, == xzyz τττ  as ∞→z . 
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The function also satisfies the traction-free condition on the 
crack faces.  To see this, note that the function has a brunch cut 
at axa <<− .  Let 
  ,  1

1
θρ ieaz =− πθπ <<− 1       

1θ
2θ

1ρ2ρ

a+a−

z

  ,   2
2

θρ ieaz =+ πθ 20 2 <<  
so that 

  
( )212

21
22

11 θθ

ρρ

+−
=

−
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e
az

. 

 When z approaches the cut from above,  
  xa −=1ρ , πθ =1 ,  xa +=2ρ , 02 =θ ,  
so that 

  2
2222

11 πi

e
xaaz

−

−
=

−
. 

 When z approaches the cut from below,  
  xa −=1ρ , πθ −=1 ,  xa +=2ρ ,  02 =θ ,  
so that 

  2
2222

11 πi

e
xaaz

+

−
=

−
. 

In assigning the angles 1θ  and 2θ , we follow the following rule.  In the figure, the vectors az −  
and az +  are joined at point z.  As we move z from one side of the branch cut to the other side, 
the two vectors should remain joined.  Thus, if we rotate clockwise, πθ −=1  and 02 =θ , as given 
above.  If we rotate counterclockwise, πθ +=1  and πθ 22 = .  In this case,  

  
( )

22

3

2 21
ππθθ iii

eee
+−+−

== . 
That is, the end result is unchanged. 
 Recall that 
  ( )zi xzyz 'ωττ =+ . 
In both cases above, the ( )[ ] 0'Re =zω , so that 

0=yzτ  on both faces of the crack. 
 
 A circular hole in an infinite block.  
Consider a circular hole, radius R, in an infinite 
block, subject to a remote anti-plane shear stress: 
  0, == xzyz τττ  as ∞→z . 
Recall  ( )zi xzyz 'ωττ =+ , so that 

 ( ) zz τω →  as ∞→z . 
The hole is traction-free, so that 
   ( )[ ] 0Re =tω  
when ( )θiRt exp= .  To satisfy this boundary 
condition, we write 

τ 

R 

x     x     x     x    x     x     x     x 



ES 241 Advanced Elasticity Zhigang Suo 

February 21, 2009 Complex Variable Methods-7 http://imechanica.org/node/1241  

 ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

z
Rzz

2

τω . 

We can confirm that this function satisfies both the remote boundary condition and the traction 
free boundary condition on the surface of the hole. 
 The displacement field is 

  ( )[ ] ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−==

r
Rrzw

2

sinIm θτωµ . 

The stress field is 
   

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+==+ 2

2

1'
z
Rzi xzyz τωττ , 

so that 

  θττθττ 2sin,2cos1 2

2

2

2

r
R

r
R

xzyz −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= . 

 
 Contour integrals.  Let  be an analytic function in a region, and C be a contour in 
this region.  The following theorems hold: 

( )zf

 (i)  ( ) 0=∫
C

dttf  

 (ii)   ( ) ( )zf
zt
dttf

i C

=
−∫π2

1  if z is inside the contour. 

 (iii)   ( )
( )

( )
n

n

C
n dz

zfd
zt
dttf

i
n

=
−∫ +12

!
π

 if z is inside the contour. 

  
 Cauchy integral on a curve.  Consider the Cauchy integral 

  ( ) ( )
∫ −

=
C zt

dttf
i

zF
π2
1  

where the path of integration, C, is some curve in the z plane, the integration variable t is a point 
on C, and  is a complex-valued function prescribed on C.  The curve C need not be closed, 
and the function  need only be defined on the curve and need not be analytic in the plane.  
For reasonably behaved C and , when  is not on the curve C, the function  is analytic. 

( )tf
( )tf

( )tf z ( )zF
 
 Analytic continuation.  If function ( )zf  is 
analytic in region F, and function ( )zg  is analytic in 
region G.  Region F and region G has some 
intersection, e.g., share part of their boundaries.  If 
the two functions are equal in the intersection, there 
exists a function ( )zφ  analytic in the combined 
regions of F and G, such that 

a Gc-
F c+ b
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  ( ) ( )
( )⎩

⎨
⎧

∈
∈

=
Gzzg
Fzzf

z
,
,

φ  

 Proof.  Note that  when t is on ( ) ( )tgtf = GFc ∩∈ .  The function 

  ( ) ( ) ( )
∫∫

−+ ++
−

+
−

=
cbca

zt
dttg

izt
dttf

i
z

ππ
φ

2
1

2
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is analytic in , and has the property GF ∪

  ( ) ( )
( )⎩

⎨
⎧

∈
∈

=
Gzzg
Fzzf

z
,
,

φ  

  
 A circular hole in an infinite block.  Consider a circular hole, radius R, in an infinite 
block, subject to a remote anti-plane shear stress. 
 Let remote loading conditions be 
  0, == xzyz τττ  as ∞→z . 
Recall  ( )zi xzyz 'ωττ =+ , so that 

  ( ) zz τω →  as ∞→z . 
 Traction free on the surface of the circle: 
  ( ) ( ) 0=+ tt ωω , 
where ( )θiRt exp=  is a point on the circle.  Rewrite the above equation as 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

t
Rttt

2

ωω . 

Observe that ( )zzω  is analytic when z is outside the circle, and ( )zRz /2ω  is analytic when z is 
inside the circle.  The above equality holds true on the circle.   
 There exists a function  analytic on the entire plane, such that ( )zf

  ( ) ( )
( )⎩

⎨
⎧
−

=
outside,/

inside,
2 zRz
zz

zf
ω

ω
 

The only function that is analytic on the entire plane is a polynomial.  Recall the remote 
boundary condition ( ) zz τω →  as ∞→z , so that 

  ( ) BAzzzf ++= 2τ . 
Recall that as , 0→z ( ) zRzR // 22 τω = , so that .  The constant A does not affect stress 
distribution and is set to be zero.  Thus, the solution is 

τ2RB −=

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

z
Rzz

2

τω . 

We can confirm that this function satisfies both the remote boundary condition and the traction 
free boundary condition on the surface of the hole. 
 
 Conformal mapping.  Let  
  ( )ζΓ=z   
be an analytic function that maps region on the ζR ζ -plane to region on the z -plane.  As an 
example, the function 

zR
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  ( )
ζ

ζζ 1
22

babaz −
+

+
=Γ=  

maps the exterior of a unit circle on the ζ -plane to the ellipse on the -plane. z
 Let ( )zω  be a function analytic in region .  Then the composite function zR
  ( ) ( )( )ζωζ Γ=Ω  
is analytic in .  In terms of the function ζR ( )ζΩ , various physical fields are given by   
  ( ) ( )[ ]ζµ Ω= Im, yxw  
  ( )[ ]ζΩ−= RezF  

  ( ) ( )
( ) ζζ

ζζωττ
dd
dd

dz
zdi xzyz /

/
Γ
Ω

==+ . 

 
 An elliptic hole in an infinite block.  Consider an elliptic hole, semi-axes a and b, in an 
infinite block, subject to a remote anti-plane shear stress ττ =yz .   The remote boundary 
condition can be written as 
  0, == xzyz τττ  as ∞→z . 
Recall  that 

  ( ) ( )
( )ζ
ζωττ

'
'

Γ
Ω

==+
dz

zdi xzyz , 

so that 

  ( )
( ) τ
ζ
ζ

→
Γ
Ω

'
'  as ∞→ζ . 

On the surface of the hole, there is no traction: 
  ( )[ ] 0Re =Ω t  when ( )βit exp= . 
 
 Both the remote boundary condition and the condition on the surface of the hole are 
satisfied by 

  ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
=Ω

ζ
ζτζ 1

2
ba . 

 The stress field is 

  ( )
( )

2

2

22

11
2

'
'

ζ

ζ
τ

ζ
ζττ baba

ba

i xzyz −
−

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+

=
Γ
Ω

=+ . 

At 1=ζ , the stress is 

  ⎟
⎠
⎞

⎜
⎝
⎛ +=

b
a

yz 1ττ . 

This gives the stress concentration factor. 
 
  
 Plemelj formulas (Carrier et al., p.413).  Cauchy integral long a curve.  Consider the 
Cauchy integral 
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  ( ) ( )
∫ −

=
C zt

dttf
i

zF
π2
1  

where the path of integration, C, is a curve in the z plane, the integration variable t is a point on 
C, and  is a complex-valued function prescribed on C.  The function  is continuous and 
satisfies the Lipschitz condition 

( )tf ( )tf

  ( ) ( ) α
00 ttAtftf −<−  

for all t on C in some neighborhood of , where A and 0t α  are constants, with 10 ≤< α .  The 
curve C need not be a closed contour, and ( )tf  need not be defined for any point off the curve.   
 Principal value of the Cauchy integral.  When z  is not on the curve C, the function ( )zF  
is clearly analytic.  However, when z  is a point on C, say 0tz = , the integral becomes 
unbounded.  In this case, we can define  

  ( )
∫ − 0tt

dttfPV , 

0t ε

C

t

z

1C

where the integral extends on C, excluding the part of the curve in a 
circle of radius ε  and centered at .  When 0t 0→ε , the above 
expression is known as the principal-value integral. 
 Example.  The meaning of the principal value may be illustrated 
by an example.  Consider an integral along the x-axis: + 

  ( )
∫
− −

4

1 1x
dxxf , _ 

where .  This integral is undefined because of the singularity at 
.  However, we can define the principal value of the integral as 

( ) 01 ≠f
1=x

  ( ) ( )
∫∫
+

−

− −
+

−

4

1

1

1 11 ε

ε

x
dxxf

x
dxxf ,     0→ε  

Thus, 

  ( ) ( ) ( ) ∫∫
−− −

+
−
− 4

1

4

1 1
1

1
1

x
dxPVfdx

x
fxf  

The first integral is well defined if ( )xf  satisfies the Lipschitz condition.  The second integral is 

  
2
3log

11
14log

11
11log

111

4

1

1

1

4

1

=
−+

−
+

−−
−−

=
−

+
−

=
− ∫∫∫

+

−

−− ε
ε

ε

ε

x
dx

x
dx

x
dxPV . 

 Note that the principal value is bounded because we specify that point x approaches 1 
from two sides in a specific way.  A different value will be obtained if we specify the approach 
in different ways.  For example, let us consider 

  
2
3loglog

11
14log

11
11log

11 2

1

2

1
4

1

1

1 2

1

+=
−+

−
+

−−
−−

=
−

+
− ∫∫

+

−

− ε
ε

ε
ε

ε

ε

x
dx

x
dx    

 The function ( )zF  is analytic when Cz ∉ .  Now consider a point z on the + side of the 
plane.  Let , and denote the limiting value of 0tz → ( )zF  by ( )0tF+ .  We perturb the path C by 
removing the curve inside the circle and adding a semicircle   Thus, 1C



ES 241 Advanced Elasticity Zhigang Suo 

February 21, 2009 Complex Variable Methods-11 http://imechanica.org/node/1241  

   ( ) ( ) ( )
∫∫ −

+
−

=
−+

11 2
1

2
1

0 CCC zt
dttf

izt
dttf

i
tF

ππ
. 

As 0→ε , the above tends to 

  ( ) ( ) ( )0
0

0 2
1

2
1 tf

tt
dttfPV

i
tF

C
+

−
= ∫+ π

. 

Similarly, when z approaches  from the – side of the plane, we have  0t

  ( ) ( ) ( )0
0

0 2
1

2
1 tf

tt
dttfPV

i
tF

C
−

−
= ∫− π

. 

These two formulas are known as the Plemelj formulas. 
 
 Subtracting or adding the two formulas, we obtain that 
  ( ) ( ) ( )000 tftFtF =− −+ , 
and 

  ( ) ( ) ( )
∫ −

=+ −+
0

00
1

tt
dttfPV

i
tFtF

π
. 

 
 A boundary value problem.  Statement of the problem.  Let C be a curve in a region R, 
and  be a known function prescribed on C.  Find a function ( )tf ( )zF  that is analytic in R except 
on C, and satisfies the boundary condition 
  ( ) ( ) ( )000 tftFtF =− −+  
for any point  on C. 0t
 Solution.  We write the solution in the form 

  ( ) ( ) ( )∫ +
−

=
C

zP
zt
dttf

i
zF

π2
1 , 

where  is a function analytic in R, but not necessarily on C.  According to the Plemelj 
formulas, we obtain that 

( )zP

  ( ) ( ) 000 =− −+ tPtP . 
Consequently,  is analytic in R.  We have found the complete solution to the boundary value 
problem. 

( )zP

 A singular integral equation.  Given a curve C on a plane, and two functions ( )0ta  and 
 prescribed on C.  Find a function ( )0tb ( )tf  that satisfies 

  ( ) ( ) ( ) ( )0
0

00 tb
tt
dttfPVtfta

C

=
−

+ ∫ . 

We can convert this integral equation for a function defined on a curve into a boundary value 
problem for a function in a region.  Define 

  ( ) ( )
∫ −

=
C zt

dttf
i

zF
π2
1 . 

Using the Plemelj formulas, we can rewrite the singular integral equation as 
  ( ) ( ) ( )[ ] ( ) ( )[ ] ( )000000 tbtFtFitFtFta =++− −+−+ π . 
Thus, the singular integral equation is equivalent to finding a function analytic in the plane 
(except on C) and satisfies the above boundary condition.  Problem like this leads us to the 
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Riemann-Hilbert problem. 
 Riemann-Hilbert problem (Carrier et al., p.418).  Let C be curve in a region R, and 

 and  be known functions prescribed on C.  Find a function ( )tf ( )tg ( )zW  that is analytic in R 
except on C, and satisfies the boundary condition 
  ( ) ( ) ( ) ( )tftWtgtW =− −+  
for any point t on C. 
 First, let us find a solution to the homogeneous equation: 
  ( ) ( ) ( ) 0=− −+ ttgt χχ , 
or 
  ( ) ( ) ( )ttgt −+ = χχ . 
Taking logarithm on both sides of the equation, we obtain that 
  ( ) ( ) ( )tgtt logloglog =− −+ χχ . 
This boundary value problem has been solved before.  The general solution is 

  ( ) ( ) ( )zQ
zt

dttg
i

z
C

+
−

= ∫
log

2
1log
π

χ , 

where  is any function analytic in R.  The need for ( )zQ ( )zQ  is evident when we expect the 
equation ( ) ( ) ( )ttgt −+ = χχ .  Multiplying any solution with an analytic solution gives another 
solution.  
 Second, in the original equation ( ) ( ) ( ) ( )tftWtgtW =− −+ , replace  by ( )tg ( ) ( )tt −+ χχ / , 
and we obtain that 

  ( )
( )

( )
( )

( )
( )t
tf

t
tW

t
tW

+−

−

+

+ =−
χχχ

. 

Once again, this problem has been solved before.  The general solution is 

  ( )
( )

( )
( )( ) ( )zP

ztt
dttf

iz
zW

C
+

−
= ∫

+χπχ 2
1 ,    

where  is any function analytic in R. ( )zP
 A special case:  is a constant g, the curve C is ( )tg axa <<− , and the region R is the 
infinite plane.   A homogenous solution is 

  ( )
az
az

i
g

zx
dx

i
gz

a

a +
−

=
−

= ∫
−

log
2

log
2

loglog
ππ

χ . 

 For example, we will encounter the case  
  ( ) ( ) ( )tftWtW =+ −+ . 
 
In this case, .  Thus, 1−=g πig =log , so that a homogenous solution is 

  ( )
2/1

⎟
⎠
⎞

⎜
⎝
⎛

+
−

=
az
azzχ . 

 We can also obtain another homogeneous solution by multiplying an analytic function.  
Later we will use this solution to solve crack problems.  To ensure the square-root singularity, 
we divide the above solution by , so that az −

  ( )
22

1
az

z
−

=χ . 
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To see that this is indeed a homogenous solution, note that the function has a brunch cut at 
axa <<− .  Let 

  ,  1
1

θρ ieaz =− πθπ <<− 1       

1θ1ρ2ρ

a+a−

z
  ,   2

2
θρ ieaz =+ πθ 20 2 <<  

so that 

  ( ) ( )212

21

1 θθ

ρρ
χ

+−
=

i

ez . 

When approaches the cut from above,  z
  xa −=1ρ , πθ =1 ,  xa +=1ρ , 02 =θ ,  
so that 

  ( ) 2
22

1 π

χ
i

e
xa

x
−

+
−

= . 

When approaches the cut from below,  z
  xa −=1ρ , πθ −=1 ,  xa +=2ρ ,  02 =θ ,  
so that 

  ( ) 2
22

1 π

χ
i

e
xa

x
+

−
−

= . 

Consequently, 
  ( ) ( ) 0=+ −+ xx χχ . 
 The solution to the inhomogeneous boundary value problem is 

  ( )
( )

( )
( )( ) ( )zP

zxx
dxxf

iz
zW a

a

+
−

= ∫
− +χπχ 2

1 , 

where  is a polynomial. ( )zP
 
 A crack in an infinite block.  We have guessed the solution to this problem before.  
Now let us see how this solution can be found by using the above formal procedure.  The 
solution is a function ( )zω  analytic in the entire plane, except on the cut axa <<− .  Recall that 

( )zi xzyz 'ωττ =+ , the remote applied stress ττ =yz  requires that 

  ( ) zz τω →  as ∞→z . 
 Because yzτ  is the same on the two faces of the crack.  Consequently, for axa <<− , we 
have 
  ( ) ( ) ( ) ( )xxxx '''' +−−+ +=+ ωωωω . 
or 
  ( ) ( ) ( ) ( )xxxx '''' −−++ −=− ωωωω . 
By analytic continuation, the function ( ) ( )zz '' ωω −  must be analytic in the entire plane.  Thus, 
the function must be a polynomial.  Recall the remote boundary condition, ( ) zz τω →  as ∞→z .  
We conclude that 
  ( ) ( ) 0'' =− zz ωω   
in the entire plane. 
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 We next consider the traction-free boundary condition 0=yzτ  on the crack faces, 
axa <<− .  Thus, on the top crack face, the traction vanishes: 

  ( ) ( ) 0'' =+ −+ xx ωω . 
This is rewritten as 
  ( ) ( ) 0'' =+ −+ xx ωω . 
The solution to this homogenous problem is 

  ( ) ( )
22

'
az

zQz
−

=ω . 

where  is a polynomial.  The remote boundary condition, ( )zQ ( ) zz τω →  as ∞→z , dictates 
that 

  ( )
22

'
az

zz
−

=
τω . 

 
 A crack in an infinite body subject to arbitrary loads.  A traction-free crack, length 2a, 
is in an infinite body.  The body is loaded by a set of loads, such that the body is equilibrated in a 
state of anti-plane deformation.  We would like to determine the stress field in the body.    
 The problem can be viewed as a linear superposition of two problems.  In problem A, 
there is no crack, and the same set of loads is applied in the uncracked body.  We can determine 
the distribution of the stress in the body.  In particular, the stress component on the x axis is 

( )xyzτ .  In problem B, there is a crack, but there is no load inside the body.  Both faces of the 
crack is prescribed with the traction on the on the surfaces by a distribution of stress 

( ) ( )xx yzττ −= .  A superposition of the two problems reproduces the original problem, with a 
traction free crack and a set of loads.  Problem has no crack, and does not contribute to the stress 
intensity factor.  We next focus on solving Problem B. 

 
 The solution to Problem B is given by a function ( )zω  analytic in the entire plane, except 
on the cut axa <<− .  Because yzτ  is continuous across the entire x-axis, we obtain that 
  ( ) ( ) ( ) ( )xxxx '''' +−−+ +=+ ωωωω . 
or 
  ( ) ( ) ( ) ( )xxxx '''' −−++ −=− ωωωω . 
The left-hand side is an analytic function in the upper half plane, and the right hand side is an 

+ 
( )xyzτ

( ) ( )xx yzττ −=

= 

Problem A Original Problem Problem B 
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analytic function in the lower half plane.  By analytic continuation, the function ( ) ( )zz '' ωω −  
must be analytic in the entire plane.  Thus, the function must be a polynomial.  Because no stress 
is applied remotely, so that the stress field vanishes remote from the crack.  Consequently,  
  ( ) ( ) 0'' =− zz ωω   
in the entire plane. 
 On the top crack face, the traction is prescribed: 
  ( ) ( ) ( )xxx τωω 2'' −=+ −+ . 
This is rewritten as 
  ( ) ( ) ( )xxx τωω 2'' −=+ −+ . 
The solution is 

  ( )
( )

( )
( )( ) ( )zP

zxx
dxx

iz
z a

a

+
−

−
= ∫

− +χ
τ

πχ
ω 2

2
1' . 

Let the polynomial be ( ) ...10 ++= zppzP   As ∞→z ,  

  ( ) ...1
0

22
++→

−
p

z
p

az
zP  

Because there is no resultant force and dislocation, 00 =p .  Because there is no remote stress, 
.  We also cannot have higher order terms.  Thus, 01 =p ( ) 0=zP . 

 When az → , we have 

  ( )
( )

( )∫
− −

+
−

→
a

a

dxx
xa
xa

aza
z τ

π
ω

2
1' . 

At distance r  ahead of the crack, the stress is square root singular, and the stress intensity factor 
K is defined as 

  
r

K
yz π

τ
2

= . 

A comparison of the two expressions gives the stress intensity factor: 

  ( )∫
− −

+
=

a

a

dxx
xa
xa

a
K τ

π
1 . 

   
 A crack interacting with a singularity.  Now we return to the superposition.  In 
problem A, the stress field is taken to be induced by singularities like a dislocation, a line force, 
etc.  Assume that the complex function for problem A is ( )zAω .  Thus, the traction yzτ  on the x-
axis is calculated from 
  ( ) ( ) ( )xxx AA ''2 ωωτ += . 
The negative of this traction is applied to the crack in Problem B.  The complex function of 
problem B is 

  ( )
( )

( ) ( )
( )( ) dx

zxx
xx

iz
z a

a

AA∫
− + −

+
−=

χ
ωω

πχ
ω ''

2
1' . 

 We need to calculate the integral 
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  ( ) ( )
( )( ) dx

zxx
xx

i
I

a

a

AA∫
− + −

+
=

χ
ωω

π
''

2
1  
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We look at a similar integral 

  ( ) ( )
( )( )∫ −

+
= dt

ztt
tt

i
J AA

χ
ωω

π
''

2
1  

Along the contour specified in the figure.  We can confirm that 
  IJJ 2+= ∞ , 
where  is integrated over remote contour, and  can be calculated using the residue theorm. ∞J J
 For example, consider a crack interacting with a dislocation.  Thus, Problem A consists 
of a dislocation at  in an infinite block, so that sz =

  ( ) ( )sz
bzA −

=
π

µω
2

' . 

Thus, 

  

( ) ( )
( )( )

π
µ

ππ
µ

ππ
µ

χ
ωω

π

bdt
ti

b

dt
ststzt

at
i

b

dt
ztt

tt
i

J AA

=⎟
⎠
⎞

⎜
⎝
⎛=

⎟
⎠
⎞

⎜
⎝
⎛

−
+

−−
−

⎟
⎠
⎞

⎜
⎝
⎛=

−
+

=

∫

∫

∫∞

2
2
1

2

11
2
1

2

''
2
1

22

 

and 

  

( ) ( )
( )( )

( )( )

( ) ( )( ) ( )( )⎥⎦
⎤

⎢
⎣

⎡
−

+
−

+⎟
⎠
⎞

⎜
⎝
⎛

−
+

−
⎟
⎠
⎞

⎜
⎝
⎛=

⎟
⎠
⎞

⎜
⎝
⎛

−
+

−−
⎟
⎠
⎞

⎜
⎝
⎛=

−
+

=

∫

∫

zsszssszszz
b

dt
ststztti

b

dt
ztt

tt
i

J AA

χχχπ
µ

χππ
µ

χ
ωω

π

11111
2

111
2
1

2

''
2
1

 

Here we have used the residue theorem.  We can then find ( )z'ω  and determine the stress 
intensity factor of the crack tip due to a dislocation. 
 
 In-plane deformation in terms of complex functions.  We now consider the plane 
elasticity problems.  Recall that the governing equation for Airy’s stress function is 

  02 4

4

22

4

4

4

=
∂
∂

+
∂∂

∂
+

∂
∂

y
U

yx
U

x
U . 

The PDE has the attributes listed in the beginning of these notes, and the solution is of the form 
  ( ) ( )pyxfyxU +=, . 
Letting pyx +=ξ  and inserting into the PDE, we find that  

  ( ) ( ) 021 4

4
42 =++

ξ
ξ

d
fdpp . 

The fourth order algebraic equation 
   0

)
21 42 =++ pp

has roots i and –i.  Thus,  and ( iyxf + ( )iyxg −  are solution to the PDE.  In addition, we need 
to consider the degeneracy.  Here is a general way to handle degeneracy.  Suppose we modify 
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the PDE somewhat so that the degeneracy is lifted.  That is, a degenerated root p  splits into  
and .  Thus, both 

1p

2p ( )ypxf 11 +  and ( )ypxf 22 +  are solutions.  Any linear combination is also a 
solution.  Consider the following linear combination: 

  ( ) ( )
21

21

pp
ypxfypxf

−
+−+ . 

This is the same as 

  ( ) (zyfpyxf
p

'=+
∂

)∂ . 

 The general solution to the PDE is 
  ( ) ( )[ ]zyhzfU += Re  
Recall that ( ) ( )izzy 2/−= .  Using the notation of Muskhelishvili, we write the general solution 
as 
  ( ) ( )[ ]zzdzzU φψ += ∫Re . 
 A direct calculation gives the stresses, resultant forces, and displacements as 

  ( )[ ]zyx 'Re2
2

φ
σσ

=
+

 

  ( ) ( )zzzi xy
xy '''

2
ψφτ

σσ
+=+

−
 

  ( ) ( ) ( )[ ] costant' +++−=+ zzzziiff yx ψφφ  

  ( ) ( ) ( ) ( )zzzziuu yx ψφκφµ −−=+ '2  
where νκ 43 −=  for plane strain and ( ) ( )ννκ +−= 1/3 . 
 Translation of coordinates.  Consider a translation of coordinates .  In terms 
of the complex variable , Airy’s function is 

szz −=*

*z
  ( ) ( ) ( )[ ]*****Re zszdzzU φψ −+= ∫ . 
A comparison with the expression in terms of the complex variable z leads to 
  ( ) ( )** zz φφ = ,  ( ) ( ) ( )**** ' zszz φψψ −= . 
This unusual transformation is clearly a consequence of the degeneracy. 
 Traction prescribed boundary value problems.  If a boundary value problem only 
involves tractions on the surface, then the stress distribution is independent of material constants. 
 Next consider a problem involving two bonded materials, with traction provides on 
various surfaces.  The traction prescribed surfaces does not lead to dependence on material 
constants.  Along the interface between the two materials, the traction is continuous: 
   ( ) ( ) ( ) ( ) ( ) ( )zzzzzzzz 222111 '' ψφφψφφ ++=++ , 
and the displacement is continuous: 
  ( ) ( ) ( ) ( ) ( ) ( )[ ]zzzzzzzz 22221111 '' ψφφκψφφκ −−Γ=−− , 
where 21 / µµ=Γ . 
Adding the two equations, we obtain that 
  ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]zzzzz 222211 '111 ψφφκφκ +Γ−++Γ=+  

  ( ) ( ) ( ) ( )[ ]zzzzz 22
1

2
1

2
1 '

1
1

1
1 ψφ

κ
φ

κ
κφ +

+
Γ−

+
+
+Γ

= . 
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Thus, the material dependence is expressed in two parameters.  Dundurs (1968) was the first to 
noticed this fact.  He wrote the two parameters as 

  ( ) ( )
( ) ( )

( ) ( )
( ) ( )11

11
12

12

+++Γ
−−−Γ

=
κκ
κκβ

11
11

12

12

+++Γ
+−+Γ

=
κκ
κκα ,   . 

 
 Once a student has learned how to apply complex variable methods to anti-plane 
deformation, she can readily use the same methods to in-plane deformation.  The following is a 
collection of sample problems.  They will not be discussed in class in detail.  The student is 
expected to go over them as homework.   
 
 Lines forces.  An infinite block is subject to a line force.  Let  and  be the 
components of the force per unit length.  First assume that the force acts at the origin, 

xp yp
0=z .   

We expect that the solution takes the form 
  ( ) zAz log=φ ,    ( ) zBz log=ψ  
where A and B are complex-valued constants.  They are determined by two conditions. 
 Force balance.  If we draw a free-body diagram of a 
small disk, the line force must be balanced by the resultant 
force acting on the perimeter of the disk: 

 
0=θ
πθ 2=xp

yp
  ( ) ( ) 0=+++ yxyx ippiff . 
This leads to 
   
   ( ) ( ) ( )[ ] 0'

2

0
=++++− i , yx ippzzzz

π
ψφφ

or 
  022 =++− yx ippBA ππ . 
 No dislocation.  If we go fully around the perimeter of the disk, displacement is 
continuous: 
  ( ) ( ) ( )[ ] 0'

2

0
=−−

π
ψφκφ zzzz , 

or 
  022 =+ iBiA ππκ . 
These two conditions give 

  AB κ−= ,  ( )12 +
+

−=
κπ

yx ipp
A . 

 If the line force acts at point z s= , using the coordinate transformation, we obtain the 
solution 

  ( ) ( )szAz −= logφ ,    ( ) ( )
sz

sAszAz
−

−−−= logκψ ,  ( )12 +
+

−=
κπ

yx ipp
A  

 Edge dislocation.  Consider an edge dislocation at z s=  with components b  and .  
Following similar steps, we find the solution: 

x yb

  ( ) ( )szAz −= logφ , ( ) ( )
sz

sAszAz
−

−−= logψ , 
( )

( )1+
+

=
κπ

µ
i

ibb
A yx . 

 A circular hole in an infinite body subject to remote tension.  Boundary conditions 
are 
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• As ∞→z , 0== xyx τσ , Sy =σ  

• When az = , . 0== yx ff
Recall that 

  ( )[ ]zyx 'Re2
2

φ
σσ

=
+

 

  ( ) ( )zzzi xy
xy '''

2
ψφτ

σσ
+=+

−
 

The remote boundary conditions requires that as ∞→z  
   

 ( )[ ]zS 'Re2
2

φ←  

 ( ) ( )zzzS '''
2

ψφ +←  

Thus 

  ( )
4

' Sz →φ ,  ( )
2

' Sz →ψ  

or 

  ( ) zSz
4

→φ ,  ( ) zSz
2

→ψ . 

We have dropped constants that do not affect stress field. 
 We next look at the traction-free condition on the surface of the hole: 
  ( ) ( ) ( ) 0' =++ tttt ψφφ ,   
for any point on the circle, ( )θiat exp= .  Note that tat /2= , and we rewrite the above equation 
as 
  ( ) ( ) ( ) 0//' 222 =++ tattattt ψφφ  
In the above equation, the first function is analytic outside the circle, and the other two functions 
are analytic inside the circle.  Analytic continuation requires that there exist a function ( )zf   
analytic in the entire plane, such that 

  ( ) ( )
( ) ( )⎩

⎨
⎧

<−−
>

=
azzazzaz

azzz
zf

,//'
,

222 ψφ
φ

 

Because as ∞→z , ( ) zSz
4

→φ , so that 

  ( ) BAzzSzf ++= 2

4
. 

Consequently 

  ( )
z
BAzSz ++=

4
φ ,   ( ) 3

22

2 2 z
Ba

z
SaAz

a
Bz +−+−=ψ . 

We will drop constant A.  Because as ∞→z , ( ) zSz
2

→ψ , so that .  The solution is   2/2SaB −=
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 ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −=

z
a

a
zSaz

22
φ ,   ( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛−−=

3

2 z
a

z
a

a
zSazψ . 

 An elliptic hole in an infinite body subject to remote tension.  We will use an analytic 
function to map the exterior of a unit circle to the exterior of the ellipse: 
  ( )ζΓ=z , 
where 

  ( )
ζ

ζζ RmR +=Γ ,   
2

baR +
= ,   

ba
bam

+
−

= . 

 Write 
  ( ) ( )( )ζφφ Γ=z , 
so that 

  
ζ
ζφφ

dd
dd

dz
d

/
/

Γ
= . 

The traction-free condition on the surface of the hole becomes 

   ( ) ( )
( ) ( ) ( ) 0'
'

=+
Γ
Γ

+ tt
t
tt ψφφ , 

for any point on the circle, ( )θiat exp= .  The solution is  

 ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
−=

ζ
ζζφ 2

4
mSR ,   ( ) ( ) ⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+
−−+= 22

2 2112
4 ζζ

ζζ
ζ

ζζψ m
m

mmSR . 

Recall that 

 

⎥
⎦

⎤
⎢
⎣

⎡
−

++
=

⎥
⎦

⎤
⎢
⎣

⎡
Γ

=⎥⎦
⎤

⎢⎣
⎡=+

m
mS

dd
dd

dz
d

yx

2

2 2Re

/
/Re4Re4

ζ
ζ

ζ
ζφφσσ

 

On the surface of hole, traction vanishes, so that at az =  or 1=ζ , 0=xσ , and 

  ⎟
⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛

−
+

=
b
aS

m
mSy 21

1
3σ . 

This gives the well known stress concentration factor. 
 Colinear cracks in an infinite body.  An array of cracks lies on the x-axis.  Following 
the superposition procedure, we need to consider the problem of traction applied on the faces of 
the crack.  In this problem, ( )zφ  and ( )zψ  are analytic in the entire plane except on the cracks.  
On the two faces of the crack, the tractions are identical.  Recall that 
  ( ) ( ) ( ) ( )zzzzzi xyy ''''' ψφφφτσ +++=+ . 
It is convenient to define 

  ( ) ( )zz 'φ=Φ ,     ( ) ( ) ( )[ ]zzz
dz
dz ψφ +=Ω ' . 

Thus, 
  ( ) ( ) ( ) ( )zzzzzi xyy 'Φ−+Ω+Φ=+ τσ . 
 Equating the traction on the top and bottom faces of the cracks, we obtain that 
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  ( ) ( ) ( ) ( )xxxx −++− Ω+Φ=Ω+Φ , 
for x on the crack faces.  Rewrite the above as 
  ( ) ( ) ( ) ( )xxxx −−++ Φ−Ω=Φ−Ω . 
Because  and  are analytic in the plane except on the cracks, the above continuity 
condition requires that the function 

( )zΦ ( )zΩ
( ) ( )zz Φ−Ω  be analytic in the entire plane.  Because no 

remote stress is applied, ( ) ( ) 0=Φ−Ω zz  everywhere in the plane. 
 Let us apply a traction vector ( )xTi xyy −=+ τσ  on the crack faces.  The boundary 
condition is written as 
  ( ) ( ) ( )xTxx −=Ω+Ω +− . 
This problem has been solved before.  Thus, the solution is   

  ( )
( )

( )
( )( ) ( )zP

zxx
dxxT

iz
z a

a

+
−

−
=

Ω
∫
− +χπχ

2
2
1 . 

where  is a polynomial, to be determined to ensure that there is no net force and dislocation 
from each crack.  For a single crack at 

( )zP
ax < , ( ) 0=zP .  The stress intensity factor is 

  ( )∫
− −

+
=+

a

a
III dxxT

xa
xa

a
iKK

π
1 . 

 Stress field around a tip of an interfacial crack.  Consider a semi-infinite crack (x < 0) 
on an interface.  The complex functions in the half plane above the x-axis are  and ( )zaΦ ( )zaΩ , 
and the complex functions below are  ( )zbΦ  and ( )zbΩ .  Traction is continuous across the entire 
x-axis, so that 
  ( ) ( ) ( ) ( )xxxx bbaa Ω+Φ=Ω+Φ . 
Thus, 
  ( ) ( ) ( ) ( )xxxx abba Φ−Ω=Φ−Ω  
holds true for the entire x-axis.  The left side is a function analytic in the half plane above, and 
the right side is a function analytic in the half plane below.  Also, the stress vanishes remote 
from the crack.  Analytic continuation requires that 
  ( ) ( )zz ba Φ=Ω  for z above the x-axis 
  ( ) ( )zz ab Φ=Ω  for z below the x-axis 
 Define the crack opening displacement by 
  ( ) ( ) ( )xuxux b

x
a
xx −=δ ,  ( ) ( ) ( )xuxux b

y
a
yy −=δ  

A direct calculation shows that 

  ( ) ( ) ( ) ( ) ( )[ ]xx
E

i
dx
di ba

xy Ω+−Ω−=+− ββδδ 114  

where 

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

21

112
EEE

 

The displacement is continuous across the bonded interface, so that one can define a function 
 which is analytic in the whole plane except on the crack, such that ( )zf

  ( ) ( ) ( )zfza β−=Ω 1 ,  when z is in the half plane above 
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  ( ) ( ) ( )zfza β+=Ω 1 ,  when z is in the half plane above 
 One the crack faces, we assume that the traction vanishes 
  ( ) ( ) ( ) ( ) 011 =++− −+ xfxf ββ ,   for 0<<∞− x . 
This is a homogenous equation.  A solution is 
  ( ) εχ izz +−= 2/1 , 
where 

  
β
β

π
ε

+
−

=
1
1log

2
1 . 

ahead the tip of the crack, the stress field takes the form 

  
r

Kri

xyyy π
τσ

ε

2
=+ . 

Here K is the complex-valued stress intensity factor.   
 For more examples of interfacial cracks, see Z. Suo, "Singularities interacting with 
interfaces and cracks," Int. J. Solids and Structures, 25, 1133-1142 (1989). 
 For physical significance of K see J.R. Rice. Elastic fracture mechanics concepts for 
interfacial cracks.  J. Appl. Mech. 1988, 55, 98-103. 
(http://esag.harvard.edu/rice/139_Ri_ElFracMechInterf_JAM88.pdf)  
 
 Two-dimensional problems for anisotropic materials.  Stroh formalism.  Inserting 
the stress-strain relations, 

  
l

k
ijklij x

uC
∂
∂

=σ , 

into the equilibrium equations, 

  0=
∂
∂

j

ij

x
σ

, 

one obtains the PDEs for the displacement field: 

  0=
∂∂

∂

jl

k
ijkl xx

uC . 

 Consider solutions of the form 
  ( ) ( )pyxfaxxu kk +=21, . 
Inserting into the PDEs, one obtains that 
  ( )( ) 022

2
122111 =+++ kkikikiki aCpCCpC . 

This is an eigenvalue problem.  Go over examples in Z. Suo, "Singularities, interfaces and cracks 
in dissimilar anisotropic media," Proc. R. Soc. Lond. A427, 331-358 (1990).  
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