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We investigate elastic wave propagation in finitely deformed dielectric elastomers in the presence of an
electrostatic field. To analyze the propagation of both longitudinal (P-) and transverse (S-) waves, we uti-
lize compressible material models. We derive explicit expressions for the generalized acoustic tensor and
phase velocities of elastic waves for ideal and enriched dielectric elastomer models. We analyze the slow-
ness curves of elastic wave propagation, and find the P-S-mode disentangling phenomenon. In particular,
P-and S-waves can be separated by applying an electric field. The divergence angle between P-and S-
waves strongly depends on the applied electrostatic excitation. The influence of an electric field depends
on the choice of a material model. In the case of the ideal dielectric model, the in-plane shear wave
velocity increases with an increase in electric field, while for the enriched model the velocity may de-
crease depending on material constants. The divergence angle also gradually increases with an increase in
electric field, while for the enriched model the angle variation may be limited. Material compressibility
affects the P-wave velocity, and for relatively compressible materials the slowness curve of the P-wave
evolves from circular to elliptical shape manifesting in an increase in the refraction angle of the P-wave.
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As a result, the divergence angle decreases with an increase in material compressibility.
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1. Introduction

Dielectric elastomers (DEs) are soft responsive materials that
can change their form and shape when subjected to an electric
stimulus (Pelrine et al., 2000; Bar-Cohen, 2002). DEs have at-
tracted considerable attention due to a large variety of possible
applications ranging from artificial muscles and soft robotics to
energy conversion and noise canceling devices (O'Halloran et al.,
2008; Brochu and Pei, 2010; Carpi et al., 2011; Rudykh et al., 2012;
Kornbluh et al., 2012; Rogers, 2013). The theoretical framework of
the non-linear electroelasticity is based on a theory first developed
by Toupin (1956; 1963), which was recently revisited by Dorfmann
and Ogden (2005; 2010) and Suo et al. (2008); Suo (2010). This fol-
lowed by a series of works on modeling DEs (Volokh, 2012; Itskov
and Khiém, 2014; Keip et al, 2014; Cohen and deBotton, 2014;
Jabareen, 2015; Miehe et al., 2015; Aboudi, 2015; Hossain et al.,
2015; Cohen et al., 2016), to name a few recent contributions.
The electromechanical coupling in typical DEs is rather weak,
and, therefore, DEs need to operate at the edge of instabilities and
breakthrough voltages to achieve meaningful actuation (Zhao et al.,
2007; Zhao and Suo, 2008; 2010; Rudykh and deBotton, 2011;
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Rudykh et al., 2014; Rudykh and Bertoldi, 2013; Gei et al., 2014;
Siboni et al., 2014; Bortot et al., 2016). Potentially, the need for the
high voltage can be reduced through architectured microstructures
of DEs increasing the electromechanical coupling (Huang et al.,
2004; Rudykh et al., 2013; Cao and Zhao, 2013; Galipeau et al.,
2014; Chatzigeorgiou et al., 2015). Moreover, synthesis of new
soft dielectric materials seems to be another promising approach
(Madsen et al., 2014). The effective electromechanical properties
of DEs can be actively controlled by external electric stimuli. The
dominant factor is the finite deformations induced by an electric
excitation. Since in purely elastic materials wave propagation
strongly depends on the mechanical properties of the media and
deformation fields (Rudykh and Boyce, 2014; Galich and Rudykh,
2015b; 2015a), this opens an opportunity to manipulate wave
propagation in DEs by applying an electric field.

In this work, we focus on elastic wave propagation in finitely
deformed DEs in the presence of a uniform electric field. To
explore the elastic wave propagation in DEs, we follow the widely
used approach for the analysis of small-amplitude motions super-
imposed on the finite deformations (Ogden, 1997) induced by an
external stimulus (Dorfmann and Ogden, 2010; Destrade and Og-
den, 2011). To allow for the consideration of the longitudinal wave
propagation (differently from the recent works (Gei et al., 2011;
Shmuel et al., 2012; Chen and Dai, 2012), where incompressible
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Fig. 1. Schematics of the splitting of pressure (P-) and shear (S-) elastic waves in
a nearly incompressible neo-Hookean DE. P-wave does not refract from the initial
direction of propagation, while S-wave refracts at a certain angle.

materials were considered), we utilize compressible electroactive
material models, namely the ideal (Zhao et al., 2007) and enriched
DE models. By application of wave propagation analysis to the
compressible DE models, we derive explicit expressions for the
generalized acoustic tensor and phase velocities for both longitu-
dinal and transverse waves. We find that electrostatically induced
changes in the key characteristics of shear (S-) and pressure (P-)
waves lead to a disentangling phenomenon, where P-and S-waves
travel in different directions. Fig. 1 schematically illustrates the
P-and S-wave splitting phenomenon. The divergence angle strongly
depends on the external field, the induced deformation, and mate-
rial compressibility. P-and S-waves possess diverse properties and,
thus, can be used for different purposes. For example, the S-wave
serves as a virtual “finger” to probe elasticity of internal regions
of the body in shear wave elasticity imaging (Sarvazyan et al.,
1998). Longitudinal and transversal elastic waves can be separated
at the interface between dissimilar materials; however, this may
cause a loss of energy or/fand a wave-mode conversion at the
interface (Achenbach, 1973). Alternatively, we can use dielectric
elastomers to split P-and S-elastic waves by applying a bias electric
field. This feature can be employed, for example, in small-scale
micro-electromechanical systems, where it is convenient to use an
electric field to control the performance. Moreover, due to mathe-
matical similarities between electro- and magneto-active materials,
this splitting phenomenon can be utilized in magnetorheological
elastomers controlled by an external magnetic field.

2. Analysis

To analyze the finitely deformed state, we introduce the de-
formation gradient F(X,t) = Vi ® X(X,t), where X and & are po-
sition vectors in the reference and current configurations, respec-
tively. In order to model a non-linear electroelastic material be-
havior, we consider an energy function v (F, Dy), which is a func-
tion of deformation gradient F and electric displacement vector Dy
in the reference configuration. The corresponding electric displace-
ment in the current configuration is given by D = J-'F - Dy, where
J = det F > 0. The first Piola-Kirchhoff stress tensor and electric
field in the reference configuration are given by

Y = _ 0y
Po=—= and Ey=—2%-, 1
0= E 0= 35, (1)
the corresponding counterparts in the current configuration are
T=J'"Py-F' and E=FT.E,. (2)

Linearized constitutive Eqgs. (1) read as
8Py =Co: 8F+ Mo -8Dy and 8Ey=68F: Mo+Ky 8Dy, (3)
where § denotes an incremental change; Cp, My and K, are

the so-called tensors of electroelastic moduli (Dorfmann and
Ogden, 2010) defined as

9%y 0%y 9%y
CO = m, MO = aFaD.O and I(O = m (4)

Note that Cy = Cff‘m) and Ky = Kg; here the superscript (3412)
denotes an isomer of the fourth-rank tensor (Galich and Rudykh,
2015b; Ryzhak, 1993; Nikitin and Ryzhak, 2008) as detailed in
Appendix A.

Next, we consider the small-amplitude motions superimposed
on finite deformations; hence, we present the incremental consti-
tutive Eqs. (3) in the frame of the updated reference configuration

SP=C:8H+ M 8Dy, and 8Ey =8H: M +K- 8D, (5)

where 8P =J~16Py - FT, 8Dy =) 'F-8Dg, 8Ep; =FT-8Ey, SH=
SF.F1,
c= 1 (F-c2% . F)™Y M= F MY Fand K

= JFT . Ko -F1. (6)

Note that C=CG42) M3 =M and K=K'. The linearized
equation of motion and Maxwell’s equations in Eulerian form are

REITS
W?
where @ is the incremental displacement; p = py/J is the den-
sity of the deformed material and pq is the initial density of the
material. We assume the absence of free body charges and cur-
rents. Note that we use the so called quasi-electrostatic approxi-
mation (Dorfmann and Ogden, 2010; Maugin, 1985); more specifi-
cally, the interactions between electric and magnetic fields are ne-
glected. This is the non-relativistic approximation corresponding to
the case where the mechanical velocity is significantly smaller than
the light velocity (Dorfmann and Ogden, 2010).

We seek for a solution for Eqs. (7) in the form of plane waves
with constant polarizations

T=rif(i-X—ct) and 8Dy =dg(ii-X—ct), (8)

Vi -8P=p Vex8Ey =0 and Vi-8Dg =0, (7)

where f is a twice continuously differentiable function and g is a
continuously differentiable function; unit vectors 7i and d are po-
larization vectors of mechanical and electrical displacements, re-
spectively; the unit vector i defines the direction of wave propa-
gation, and c is the phase velocity of the wave.

Substituting (5) and (8) into (7), we obtain

A .1 = pc’, 9)

where A is the so-called “generalized” acoustic tensor defining the
condition of propagation of elastic plane waves in non-linear elec-
troelastic materials. The generalized acoustic tensor of electroelas-
tic materials with an arbitrary strain energy function v (F, Dy), has
the following form (Destrade and Ogden, 2011; Spinelli and Lopez-
Pamies, 2015)

2 U
A=Q-—= R ((trK)I-K) -R, 10)
Q (trK)2 — trK2 (( ) ) (

where
i=l-ide (11)

is the projection on the plane normal to i, K=1.K -1, and
Q=C":7gfd and R=#- M. (12)

Note that the generalized acoustic tensor A and the purely elas-
tic acoustic tensor Q are symmetric. Recall that for DE to be sta-
ble, the generalized acoustic tensor A has to be positively defined.
Note that an analogue of the generalized acoustic tensor (10) was
derived by Destrade and Ogden (2011) for incompressible magne-
toelastic materials.

A detailed description of the non-linear electroelastic theory for
DEs can be found in publications of Dorfmann and Ogden (2005;
2010), and Suo et al. (2008), Suo (2010).
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It is well known that incompressible materials do not support
longitudinal waves. Therefore, to analyze both transversal and lon-
gitudinal waves, we consider the energy function v (F, Dy) for the
compressible electroelastic material in the following form:

¢(F, 50) = Ipelus(F) + Ziéj

where ¥ ,4(F) is a purely elastic energy function (for example,
neo-Hookean, Mooney-Rivlin, Gent, etc. (Ogden, 1997)), € is the
material permittivity in the undeformed state (F=1) and y; are
dimensionless parameters, moreover g + ¥ + ¥» = 1, and

I4e:ﬁ0~§0, 153250~c~ﬁ0 and [eeZDO-c2~ﬁo (14)
are invariants depending on the electric displacement D, and right
Cauchy-Green tensor C=F' - F.

For the energy function (13) the relation between the electric
field and displacement is

(Yolae + Vilse + Valge), (13)

-1 -
E= E(yoB’1 +y1l+y2B) - D, (15)

where B=F-F' is the left Cauchy-Green tensor. The correspond-
ing tensors of electroelastic moduli are

1
C = Cegs + 3¢ (VO(C4e + 71Cse + V2C6e)a

1
M = e <V0M4e + Y1 Mse + V2M6e> and
1
K= - (y,B™! I B 16
6(Vo + 711+ 12B), (16)

where C, is derived from the purely elastic part v ,5(F) of the
energy function in accordance to (4) and (6); and the explicit ex-
pressions for the other tensors are given in Appendix B.

Finally, the corresponding generalized acoustic tensor takes the
following form

1

4
A= Qelas + Z (VOQAe + V1Q5e + VZQGe - EAE.’)v (]7)

where Q . is calculated by applying of Egs. (4), (6) and (12) to
the purely elastic part v ,,5(F) of the energy function; the explicit
expressions for 7, and tensors Qge, Qse, Qs and A, are given in
the Appendix B. Remarkably, in the particular case of F= A€ ®
€1 + A28 ® € + A3e3 ®e3, M=¢ and ﬁo = D,é,, the generalized
acoustic tensor (17) reduces to

2

A= Quut 228 6, (18)
€AS

here the set of (€7, €, €3) defines the orthonormal basis.

Let us consider the influence of an electric field on the P-and S-
waves propagation. Important characteristics of elastic waves can
be deduced from the consideration of slowness curves. Fig. 2 (a)
schematically shows the slowness curves for P-and S-waves propa-
gating in a DE subjected to an electric field. P-and S-waves refract
differently from the initial direction of propagation, thus, the P-and
S-waves can be split in such media. The normals to the slowness
curves can be defined by the corresponding angle 6 (see Fig. 2 (a))

Sp.s Sing — (dsps/dg) cosep
Sps COSQ + (dsps/de) sing’
where ¢ is the incident angle and sps(¢) = c;,fs (¢) are slownesses
of P-and S-waves, respectively. Consequently, the divergence angle
between P-and S-wave can be calculated as AQ = 6, — 6;.

tanf,s = (19)

3. Results
3.1. Ideal dielectric elastomer model

First, we consider an ideal dielectric elastomer model (Zhao
et al,, 2007), namely Y9 = 5 = 0 and y; =1 in (13). For the elastic

part of the energy function (13), here and thereafter, we utilize a

model of a compressible neo-Hookean material (Ogden, 1997)
K
VaasB) = 5 =3) —n + (5 - )0 - 1% (20)

where I} = trC is the first invariant of the right Cauchy-Green ten-
sor, u is the shear modulus and K is the bulk modulus.

For the ideal DE, the generalized acoustic tensor takes the form
A=aiief+al, (21)

where 7® 1 is the projection on the direction 7 and I is given in
11),

a; = (K=2u/3)] + ) ' (1 +7-B- 1) (22)

—

and @ =) '(A-B-n). (23)

Consequently, there always exist one pressure and two shear waves
for any direction of propagation 1, finite deformation F and elec-
tric displacement D. The phase velocities of these waves can be
calculated as

p=4/aJ/po and ¢ =./azj/po. (24)

Remarkably, while the electroelastic moduli (16) explicitly depend
on the electric field, the phase velocities of elastic waves do not ex-
plicitly depend on the electric field. The dependence of the veloc-
ities on an electric field is introduced through the electrostatically
induced deformation. Let us consider the case when Dy = D./i€e;,
DE can freely expand in plane é&; — €3, and the deformation gradi-
ent can be expressed as

F=X(D)&; ®¢ +A(D)(1- & &) (25)

For an incompressible ideal DE (Zhao et al., 2007), the stretch ra-
tios can be expressed as A = (1+D2)~1/3 and i = A~1/2. It should
be noted that these relations approximately hold even for very
compressible materials with K/ ~ 1 for the range of deforma-
tions and electric fields considered here. Recall that neo-Hookean
DE is stable for D < +/3 (Zhao et al., 2007) and it will thin down
without any limit when the electric field is further increased. Note
that in the absence of an electric field, expressions (24) reduce to
cp=+/(K+4p/3)/po and cs = /1/po.

For the nearly incompressible DE, the phase velocities of P-and
S-waves can be calculated as

1 + D%cos?
¢ = <<1< 3+ W)/po (26)
and
s = \/(1 +D2cos? ) (1 + D2)72/3y,/,00, (27)

where the propagation direction is defined as = (cosg, sing, 0).
Hence, refraction angles of P-and S-waves are

(K +u/3+p(1+ D2)72/3)tan<p

tanf, = (28)
K+ /3 +p(1+D0%)"
and
tan g
tan6; = 13D (29)

Remarkably, relations (26), (27), (28) and (29) approximately hold
even for very compressible materials with K/iu ~ 1 for the range
of deformations and electric fields considered here. By making use
of relations (26) and (27), the slowness curves of P-and S-waves
for the ideal DE can be constructed. Fig. 2 (b) shows an example
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Fig. 2. (a) Schematic illustration of slowness curves for P-and S-waves in the DE subjected to an electric field. (b) Slowness curves of P-and S-waves for the ideal DE with
K/ = 50 subjected to the electric excitation of D = 1. Slowness curves are constructed by using (26) and (27). Scale is 0.2 per division, and slowness curves are normalized
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Fig. 3. Divergence angle as function of non-dimensional electric displacement - (a)

of the slowness curves for an ideal DE with K/ = 50 subjected to

the electric excitation of D = 1.

Fig. 3(a) shows that the divergence angle A6 significantly de-
pends on the value of an applied electric field. In particular, the
divergence angle increases monotonically with an increase in the
electric field until the limiting value of the electric field is reached
(D = +/3). Fig. 3(b) shows the dependence of the divergence angle
A6 on the incident angle ¢. We observe that the divergence angle
A6 has a maximum for a certain incident angle ¢, depending on
the applied electric field. The incident angle ¢, corresponding to
the maximal divergence angle is given by

tangg =

arccos (2 + Dz)

a(ap(a +27) +3D%ay (e —3p) +¢)

w3 (a? +27) +¢

where o =1+D? a;=a?33K+u) and ¢ =9Ka?(u? +3K
(K+u)). The maximal angle, ¢y, monotonically increases with
an increase in the electric field. Note that for u/K < 1, ¢g =

~172

(30)

Next we consider the influence of the material compressibility
on the elastic wave propagation in DEs. It has been recently shown
that for highly compressible material (in the absence of an electric
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, and incident angle - (b) for the nearly incompressible neo-Hookean DE with K/u = 300.

field) the phase velocity of the longitudinal wave depends signifi-
cantly on the direction of wave propagation and applied deforma-
tion (Galich and Rudykh, 2015b). Here, we also observe a strong
dependence of the P-wave velocity on the direction of wave prop-
agation and the deformation induced by an electric field. An in-
crease in the material compressibility parameter /K results in a
more pronounced influence of electrostatically induced deforma-
tion on elastic waves. In particular, the slowness curves of P-wave

evolve from circle to ellipse shape with an increase
Thus, refraction angle of P-wave differs from the
namely P-wave refracts along with S-wave. Fig. 4 s

in electric field.
incident angle,
chematically il-

lustrates the phenomenon in compressible materials. The depen-
dence of the divergence angle on compressibility for different val-

ues of the electrostatic excitation is presented in
an increase in material compressibility weakens th
phenomenon.

3.2. Enriched electroactive material model

Motivated by the experimental observations

Fig. 5. Clearly,
e disentangling

(Wissler and

Mazza, 2007; Li et al, 2011), in this section we investigate elas-
tic wave propagation in DEs described by an enriched electroactive

material model (13). The model is similar to that

considered by
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Fig. 4. Schematics of the splitting of P-and S-waves in the compressible neo-
Hookean DE. P-and S-waves unidirectionally refract from the initial direction of
propagation, however, their refraction angles are different.

25 y T T T T T T T T

N
o
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o o

Divergence angle, A [degree]

WK

Fig. 5. Divergence angle as function of material compressibility for the ideal neo-
Hookean DE subjected to different levels of electrostatic excitation, ¢ = /6.

Table 1

Material constants of DE model (13).
Reference Yo Y1 Y2
Ideal DE (Zhao et al., 2007) 0 1 0
Wissler and Mazza (2007) 0.00104 114904 —0.15008
Li et al. (2011) 0.00458  1.3298  -0.33438

Gei et al. (2014). To allow for the investigation of pressure waves,
we extend the model to capture the compressibility effects. Table 1
summarizes the parameters of the material model (13) for differ-
ent experimental data (Wissler and Mazza, 2007; Li et al.,, 2011).

In the case when yy # 0, y, # 0, and the deformation gradient
identical to (25), and i = €7, the expressions for phase velocities
take the following form

Cp :\/((I<—2u/3)A214+ (1+32)u)/po (i =ey), (31)
Cs = \/(VzDz)» +A2)/po (M= e) (32)
and

¢ =A/I/po (M =é3). (33)

For incompressible materials A = A~1/2, and the stretch ratio A can
be determined by solving the following polynomial equation

W1 +D (1 +2022%) = 1. (34)

Hence, the phase velocity of the in-plane shear wave (with po-
larization 1 = é5) explicitly depends on the electric field in con-
trast to the result (24), for the ideal DE model. Fig. 6 shows the

80 L L L L L AL L

78 I Ideal dielectric elastomer
sk |70 Wissler and Mazza (2007)
L | === Lietal (2011b) ]
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68
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64

Shear wave velocity, ¢ [m/s]
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60 N R NP T U R R
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 16

Fig. 6. Phase velocity of in-plane shear wave as functions of non-dimensional elec-
tric displacement for ideal and enriched DE models, ¢ = 0.

phase velocity of the in-plane shear wave as a function of the non-
dimensional electrostatic excitation for the ideal and enriched DE
models. One can see that the consideration of the I, and Ig, invari-
ants strongly influences the in-plane shear wave velocity. In par-
ticular, the increase in phase velocity of the in-plane shear wave is
less prominent (dashed blue curve in Fig. 6) as compared with the
ideal DE model result; moreover, the velocity may even decrease
with an increase in the electric field (see the example for the par-
ticular material denoted by the dot-dashed green curve in Fig. 6),
while for the ideal DE model the velocity always increases. These
differences indeed affect the splitting mechanism and, thus, differ-
ent results are produced by these material models. Fig. 7 illustrates
the difference in the divergence angles for the ideal and enriched
DE models. In particular, Fig. 7(a) shows that the divergence angle
A is smaller than it is predicted by the ideal DE model. Moreover,
for Li et al. experimental data, the divergence angle A@ decreases
with an increase in the electric field after a certain level of the
applied voltage is reached. Fig. 7(b) shows that the divergence an-
gle AO has a maximum for a certain incident angle ¢;. Moreover,
the incident angle ¢4, producing the maximum divergence angle,
varies for different materials.

Although in this work we perform a fully electromechanical
coupling analysis, it is possible to employ only a purely mechani-
cal analysis of wave propagation in non-linear electroelastic solids.
In that case the contribution of the electroelastic moduli tensors
M and K is neglected, and only terms of the tensor C contribute
to the generalized acoustic tensor. Remarkably, this approximation
yields very close results for the phase velocity of pressure wave as
the fully electromechanically coupled analysis; moreover, the re-
sulting expressions for the phase velocities of the shear waves are
identical in both analyzes. For example, for the deformation gradi-
ent (25), i = &; and Dy = D./fi€€,, the classic acoustic tensor takes
the form

Q = Quias + UD* (W 2 + V1A + 12020 Ne @ €

+ MVZD2172€2 ® éz. (35)
It is easy to see that the resulting expressions for the phase veloci-
ties of S-waves are the same as given by expressions (32) and (33),

and the corresponding expression for the phase velocity of P-wave
has the form

cp= \/ w(1+32 + (K/p — 2/3)A234 + D2 (yor=2 + y1 + 1242)A~4)/po.  (36)
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Fig. 7. Divergence angle as function of non-dimensional electric displacement for ¢
with K/u = 300.

Expression (36) for the P-wave velocity differs from (31) by
the additional term containing the electric displacement magni-
tude. However, according to our observations for K/u 2 100, this
term can be neglected for small and moderate levels of electric
displacement.

4. Concluding remarks

In this paper, we considered pressure (P-) and shear (S-) elas-
tic waves propagating in soft DEs subjected to finite deformations
in the presence of an electric field. To allow for the consideration
of P-wave propagation, we utilized the ideal and enriched material
models accounting for the compressibility effects. Explicit expres-
sions for the generalized acoustic tensor and phase velocities of
elastic waves for DEs subjected to an electric field were presented.
We found that, for the ideal DE model, the elastic wave propaga-
tion is explicitly independent of an applied electric field, while it is
influenced through the deformation induced via bias electric field;
this is despite the fact that all electroelastic moduli tensors explic-
itly depend on the applied electric field. However, for the enriched
material model, including all three electroelastic invariants I, Is,
and Ig,, elastic wave propagation explicitly depends on the applied
electric field; in particular, the phase velocity of the in-plane shear
wave decreases when an electric field is applied.

These findings were applied to explore the phenomenon of dis-
entangling P-and S-elastic waves in DEs by an electric field. We
showed that the divergence angle between P-and S-waves strongly
depends on the value of the applied electric field and direction
of wave propagation. Moreover, we found that an increase in the
material compressibility weakens the separation of P-and S-waves.
This is due to the fact that the P-wave also refracts (in the same
direction as the S-wave) from the initial direction of wave prop-
agation, while for nearly incompressible materials the change in
the P-wave direction is negligible. The phenomenon can be used
to manipulate elastic waves by a bias electrostatic field; this can
be beneficial for applications in small length-scale devices, such
as micro-electromechanical systems, where an electric field is the
preferred control parameter. Thanks to the mathematical similar-
ities in the description of electro- and magneto-active materials,
the disentangling phenomenon can be utilized to control P-and S-
waves in magnetorheological elastomers by applying an external
magnetic field.
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Appendix A. Notation of tensor isomers

To achieve a more compact representation of the results, we
have used the notation of isomers firstly introduced by Ryzhak
(1993); Nikitin and Ryzhak (2008). Let S be a third-rank tensor
with the following representation as the sum of a certain number

of triads:
S=ﬁ1®62®d3+51®52®53+~~~ (A1)

Let (ikj) be some permutation of the set (123). Then the iso-
mer S is defined to be the third-rank tensor determined by the

relation
S(ikj):d}®dk®a'j+5i®5k®5j+... (A.2)

Analogously, we can define isomers for higher-rank tensors. For
example, if S=b®I, where b is an arbitrary vector and I is
the unit tensor, then @31 =832 —1gh and SBD =3. If S =
M ® N, where N and M are arbitrary second-rank tensors, then
S(3412) =N®M.

Appendix B. Components of the electroelastic moduli and
generalized acoustic tensors
Here we introduce the following notations
Lypy=a-L-b L% =a-L*.bL*=L-L
LY =a. L' -bL,Y=aL? bL2=L"L"
a , ,
19 =a
L1 Lo
L3=-L2.L!'deb = §(d®b+b®d’),
ay = a-b,a? = (ay)?, (B.1)

where L is an arbitrary second-rank tensor, @ and b are arbitrary
vectors.

Cye =
(CSe =

Boi(@l+1g11342),
201D0%% _DeDel-1®D D)
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+Dp (I 1+ 101134),
Cee = 2(0®1® (B-D)?3 1 Bg D g D143
_'_ﬁ@ B ® D‘(2134) + (B . D’) ® 1 ® 5(2134)
+DoDeB™ t DB D
I B-D)oD—-1®D0® (B-D)
Do B-D)ol-B-D)eDel)
+Bpp(I Q1+ 1®1134), (B.2)

Qi = 2B VAT,
Qse = 2((Dp+D2)i®@ i+ D21 — 2D,D @ ),
Qse = 2((2BpnDy + Bpp)ii @ i + 2Bpu Dyl
—2Bp,D ® i® + D?B + 2D, (B - 1) ® D*
—2D,(B-D) ® M + Bp,D ® D). (B.3)

M4e = _2l® (B_l 5),
20x1+D 1?3 —1g D),
Mee= 2(0@B+D@B?» + (B-D)®l
+(B-D)elI® _1g (B-D)). (B.4)

5
I

Re = —2ii@ (B .D),
2(Dyl+ Dol —f®D),
Rse = 2(D,B+ D ® (B- 1) + Bp,l
+B-D)oid—iw (B-D)). (B.5)

~
3
Il

n =y (2Bn” —B 1B — (B,")?)
+y7 (2B —B: B — (Bm)?)

+(vo(1: B —B") + J/l)z +(nB+n)’
+2y0y2((: BB — LB, — 1) (B.6)

Ae= i@+ al+asD®D+ asi®D° + asB + ag(B - i) ® D°
+a;(B-D) @ +ag(B- M) ® i° + agB? + a1 (B? - i) ® D°
+ay(B?-D) ® i + ap(B? - 1) @ i + a3(B- M) @ (B 1)
+auB’ + a;5(B - M) @ D° + a4 (B* - D) @ 11°
+ai7(B? ) @ (B-1)° +agB! +ag(B! M) @ i
+ayB" M) ®D° +ay (B D)@
+ayu (B i) e (B-A) +ay(B?.D) i, (B.7)

where

a = 5 ((BY, — (BY,")?)1: B~ — B, VBY Y — By,

n

+2By,"By,”) + ¥7Dp
+ Vz3 (,331(3213) - B%) + 2707172 (/332351) + BD"BE);D

+ B4Bpp — Dp)
+y0¥ (BaDp + By ) + vov3 (BaBly — 3Bop +28Dp
2a82)

+ 7175 (28485 — By + (B5,")?) + v1v3 (2BBon — BYy) )
+ 7273 (BBYy — 3BY," +2B4Dp + BY,V (2D, — 11BY,"))
+Y2YZ(BDp + Bpp).

ay = y£D2 + v3 B(Bon)* + 20¥1Y2Dn (BaBon — Dn) + yoyi BaD3

+¥0V4 (BaBpn — 2Dy)Bpn + y13Bon (Bon + 28Dy)
+ VZVIZ (,BDH + ZBDn)Dna

as = v (72 (1 (B - Bu)?) + BuiBE — BY)
+Yo(Bun — Bl "Bi) + (1: B (B — (Bw)?))
(B - Buw)?) ).

ag = 2()’())’1 ¥2(Dn = 2B4Bpn) — ¥£Da — 5 (LiBYy — BS))
- V0V12,34Dn
+v0v# (3Bon — BaBly, + 11 (B, Bun — 2Dy)
+DnBun — B,V B) + v177Bon (Bun — 211)
+72¥¢ (Bun (BS," (1 B™') — B, 2) — 2Dy Bs)
—Y2¥{ (BDn + ZBDH)),

as = y2 (yzzBDn (2Dnf — Bpn) + 2¥0y1 BaD;;

+ 02D (2B4Bon — Dy) + 21728D% + nyﬁ), (B.3)

a5 = 2y (3 (D33 + 1y Bon = DuBun)) + YY1 B
+Y0¥2((1: B™") (Bon — DuBun) — Biy"Bon)
+¥1Y2(Bpn + BDn) + J/12Dn),

a7 = ~292(v2BBon + 2961 B4Ds + Yo7 (BsBon — 2D1)
+2y1Y2BDn + V]ZDn),

ag = 2y» <VOV2 (BS," (1D — Bpy) — D2)
+Du(73 (B5," 1 B~ B,2) - 7B
- VOVlBB;U -N V230n>),

ag = ¥#Dn(¥2(BDn — 2Bpn) + Dn(YoBa — ¥1)).
aio = 2y (¥2(iDn — Bpn) + Y0 B4Dn).
1= 2¥#(2(Bon — BDn) — Da(YofBa — ¥1)).

ap = —ZVOVZZDnB,(J;U,

fry

a

flry

@13 = ¥#Dn(V2(2Bon — [1Dy) + 1Dn — ¥oDa(1: B™1)),

a4 = —y5 D2, a5 = —2y3Dn, a1 = —01s, A17 = —2014,

a1s = —Yo(V1Dn + v2Bon)?, a1o = —27/02318;1)()/an + ¥2Bpn),
a0 = 2Y0Y2Bmn (¥1Dn + Y2Bpn),

az1 = 2Y0(¥2¥0(Dn — BaBpn) — Y28 (¥1Dn + v2Bon) — 10 BaDn).
22 = 2Y0Y2Dn (¥1Dn + ¥2Bon), a23 = 2y¢ (¥1Dn + ¥2Bon),
B=I —By and Bs=1:B'—BV. (B.9)
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