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The Thermodynamic State Index (TSI, Φ) in Unified Mechanics Theory (UMT) is a linearly 

independent axis and the conditional phase-space entropy of a finite Hamiltonian system 

represent the exact same physical reality, viewed from two different mathematical scales. 

• Conditional Phase-Space Entropy describes the microscopic loss of information as the 

trajectories of a finite Hamiltonian system become entangled in unobservable degrees of 

freedom (e.g., heat/phonons). 

• The Thermodynamic State Index (Φ) is the macroscopic geometric mapping of that 

exact information loss onto a normalized physical axis (from 0 to 1) to mathematically 

degrade the macroscopic continuum Lagrangian. 

Here is the rigorous conceptual and mathematical relationship between them. 

1. The Microscopic Problem: Finite Hamiltonian Systems 

In classical mechanics, a finite Hamiltonian system is perfectly deterministic and time-reversible. 

According to Liouville’s Theorem, the probability density (𝜌) of the system behaves like an 

incompressible fluid in phase space. Because the phase-space volume is conserved, the 

fundamental "fine-grained" Gibbs entropy of the total system never changes: 

𝑑𝑆𝑓𝑖𝑛𝑒
𝑑𝑡

= 0 

To explain the Second Law of Thermodynamics (entropy increase) in a finite Hamiltonian 

system, physicists use coarse-graining or conditional entropy. 

If we divide our finite system into a set of observable, macroscopic variables (like overall strain 

or average kinetic energy) and a set of unobservable microscopic variables (like the random 

thermal vibrations of individual atoms), we must integrate out (trace over) the unobservable 

degrees of freedom. 

The conditional phase-space entropy (𝑆𝑐𝑜𝑛𝑑) represents the entropy of the system conditioned 

upon our restricted knowledge of only the macroscopic observables. As the system evolves, 

mechanical energy irreversibly cascades from the observable macroscopic variables into the 

chaotic, unobservable microscopic variables. Consequently, the conditional phase-space volume 

compatible with our macroscopic observation expands, and 𝑆𝑐𝑜𝑛𝑑  strictly increases: 

Δ𝑆𝑐𝑜𝑛𝑑(𝑡) > 0 



2. The Macroscopic Equivalent: UMT’s Thermodynamic State Index 

Continuum mechanics is "blind" to phase space. A classical continuum Lagrangian does not 

track individual atoms; it tracks macroscopic fields. Because it lacks the unobservable 

microscopic degrees of freedom, classical continuum mechanics has no native way to account for 

the energy lost to them (which is why classical models rely on empirical viscosity coefficients or 

Rayleigh dissipation functions). 

The Unified Mechanics Theory (UMT) solves this by introducing the Thermodynamic State 

Index (Φ) as a linearly independent axis. Φ is defined as the normalized accumulation of entropy 

generation (Δ𝑠): [Normalized form of Boltzmann’s second law] 

Φ = Φ𝑐 [1 − exp (−
Δ𝑠𝑚𝑠

𝑅
)] 

Where Φ scales from 0 (pristine/ordered) to 1 (maximum disorder/failure). 

3. The Conceptual Relationship 

Conceptually, Φ is the macroscopic "shadow" cast by the conditional phase-space entropy. 

When a structural element (like a steel bar or a fluid) undergoes fatigue, yielding, or viscous 

dissipation: 

1. In the Hamiltonian View: The discrete atomic lattice undergoes chaotic collisions, 

micro-cracking, and phonon scattering. The exact state of the system spreads over a 

vastly larger region of phase space. The conditional phase-space entropy (𝑆𝑐𝑜𝑛𝑑) spikes. 

2. In the UMT View: The system moves along the Φ axis. As Φ increases, it scales down 

the continuum stiffness (1 −Φ𝑘) or scales down the kinetic energy (1 −Φ𝑐) in the 

macroscopic Euler-Lagrange equations. 

Conclusion: The growth of conditional phase-space entropy is the physical mechanism that 

drives a material along the Φ axis in UMT. 

4. The Mathematical Mapping 

We can explicitly map the statistical Hamiltonian formulation into the UMT continuum 

formulation. 

Let Ω𝑐𝑜𝑛𝑑(𝑡) be the volume of the phase space region that is compatible with the macroscopic, 

coarse-grained state of the Hamiltonian system at time 𝑡. According to the Boltzmann relation, 

the conditional entropy is: 

𝑆𝑐𝑜𝑛𝑑(𝑡) = 𝑘𝐵lnΩ𝑐𝑜𝑛𝑑(𝑡) 

The change in conditional entropy from time 𝑡0 to 𝑡 is: 

Δ𝑆𝑐𝑜𝑛𝑑 = 𝑘𝐵ln (
Ω𝑐𝑜𝑛𝑑(𝑡)

Ω𝑐𝑜𝑛𝑑(𝑡0)
) 



To connect this to UMT, we must convert this absolute statistical entropy (in Joules/Kelvin) into 

the specific continuum entropy (Δ𝑠, in J/kg⋅K) used by UMT. We divide by the total mass of the 

finite Hamiltonian system (𝑀𝑠𝑦𝑠): 

Δ𝑠𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑢𝑚 =
Δ𝑆𝑐𝑜𝑛𝑑
𝑀𝑠𝑦𝑠

 

Now, substitute this statistical derivation directly into the foundational UMT equation for the 

Thermodynamic State Index: 

Φ(𝑡) = Φ𝑐 [1 − exp (−
𝑚𝑠

𝑅 ⋅ 𝑀𝑠𝑦𝑠
Δ𝑆𝑐𝑜𝑛𝑑(𝑡))] 

Substituting the phase-space volume ratio back in yields an elegant mathematical bridge: 

Φ(𝑡) = Φ𝑐 [1 − exp (−
𝑚𝑠𝑘𝐵
𝑅 ⋅ 𝑀𝑠𝑦𝑠

ln (
Ω𝑐𝑜𝑛𝑑(𝑡)

Ω𝑐𝑜𝑛𝑑(𝑡0)
))] 

5. Summary 

Mathematically, the UMT Thermodynamic State Index (Φ) is an exponential mapping of the 

logarithmic expansion of the conditional phase-space volume (Ω𝑐𝑜𝑛𝑑). 

When a finite Hamiltonian system loses macroscopic kinetic energy to microscopic chaotic 

degrees of freedom (viscous heating, plastic deformation), its conditional phase-space entropy 

(𝑆𝑐𝑜𝑛𝑑) increases. UMT captures this exact statistical phenomenon and elegantly normalizes it 

into a continuous bounding parameter (Φ ∈ [0,1]), allowing physicists to incorporate 

microscopic statistical irreversibility natively into macroscopic continuum Lagrangians. 
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