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Continuum Mechanics Problem for Left/Right Cauchy 
Green Compatibility (LCG/RCG)

x

( )y x
( )y i

( ) ( )

( ) ( )

T

sym

k k

T

sym

i j
ij

P

y y C
x x

P

y y B
x x

αβα β

α α

∂ ∂⎛ ⎞ = ∈⎜ ⎟∂ ∂⎝ ⎠
∂ ∂

=
∂ ∂

∂ ∂⎛ ⎞ = ∈⎜ ⎟∂ ∂⎝ ⎠
∂ ∂

=
∂ ∂

y y x C x
x x

y y x B x
x x

RCG

LCG

( ) ,⋅C

Find ( )y i

Prescribed ( )⋅B
as functions of x



Are the RCG and LCG compatibility problems really 
different?
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Motivation

Continuum Mechanics
• Interesting geometry question for classical kinematical measure

Cauchy stress for Frame-indifferent, isotropic elastic material is a 
function only of B

• Sharp contrast in uniqueness from the more studied RCG case
• Open in 3-D

Mathematics
• Interesting questions involving
• Geometry
• Nonlinear PDE
• Algebra

Even in the            local existence caseC∞



Riemannian Geometry in charts
Given two coordinate patches for a Riemannian manifold, with points denoted generically by
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The question of equivalence of quadratic forms
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Given two local  matrix fields on manifold 
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det 0 satisfying transformation rules. (WHY???)

sym

N

P

N

y
x

=

−

∂⎛ ⎞ ≠⎜ ⎟∂⎝ ⎠

Μ, 

Μ

\

0p

1y const=
2y const=

1y
∂
∂
p

2y
∂
∂
p

Μ

( ) ( ) ( ) ( ) ( )

0

01 2 1 2

On tangent space  of   spanned by

,   or  ,  any vector 

Now, let there be a quadratic form for each chart s.t. 

p

p

i i
i i

x x y y xi i

T

T
y y x x

y ya a a a a
x y x y x

α α α
α α α

∈

⎛ ⎞∂ ∂ ∂ ∂⎛ ⎞ ∈⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠
∂ ∂ ∂ ∂ ∂

= = = ⇒ =
∂ ∂ ∂ ∂ ∂

Μ0p

p p p p a

p p pa

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

for 
:  physical scalar indep. of chart

But, no chart is special; 
x x x

i j
ijx x x y y y

a C b

a C b a C b

α β
αβ

α β
αβ

=

∴ =

a,b

( ) ( )

( ) ( )

( ) ( )

0

,

x x

i j

ijy x

x x

a b

y yC C
x x

a b

α β

αβα β

α β

⎡ ⎤∂ ∂
− =⎢ ⎥∂ ∂⎣ ⎦

∀



Mapping compatibility question to Riemannian 
Geometry
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Machinery of Riemannian Geometry
thanks to Christoffel
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RCG compatibility
Riemann
Christoffel
Brothers Cosserat
….....
……

Shield
Deturck and Yang
Interesting associated facts, especially uniqueness question
• if two deformations have same RCG field, then they differ by rigid 

deformation

Reshetnyak (according to Ball and James)
– Inadequacy of single-well energy for prediction of microstructure with compatible elastic 

deformation (Ball & James)

Friesecke, Muller, James

• An invertible tensor field F may have nonvanishing curl even if its RCG 
field (FTF)  is compatible



Complete Integrability of Pfaff PDE (T.Y. Thomas, 1934)
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RCG compatibility
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RCG Compatibility
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Left Cauchy Green Compatibility
2-D

• Blume (1989)
Formulation based on Polar Decomposition (for both 2/3-D)

– Find a rotation tensor field
Compatibility condition for 2-d problem is derived
‘Explicit’ characterization of the condition
Uniqueness is analyzed

• Duda & Martins (1995)
Plane case
Polar Decomposition
Analysis of possible cases; construction of the rotation field
Insightful and detailed analysis of the uniqueness question
Demonstration of nonuniqueness through constructive examples 
systematically using Thomas

3-D  - open 
• Acharya (1999)

geometric formulation
provides condition for local existence in 3-d
Much can be done in ‘explicit’ characterization of the existence condition



LCG Compatibility
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Left Cauchy Green Compatibility
Governing PDE System
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Sufficient condition for local existence:
the completely-integrable situation
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Sufficient condition for local existence:
the completely-integrable situation
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Sufficient condition for NOT completely integrable case
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Proof: Not completely Integrable case
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Proof: Not Completely Integrable Case
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Comments

Proof adapted from Eisenhart, 1927, Veblen and 
Thomas, 1926
• They claim necessity as well; I couldn’t

Guess:
• Related to Cartan’s Method of Equivalence
• Modern treatment – R B Gardner CBMS-NSF-SIAM
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