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VECTOR TRIPLE PRODUCT 

The vector triple product is given by: 

 ( )cbap
rrrr

××=  (1)  

Assuming that b
r

 and  are in the plane π, the vector c
r ( )cb

rr
×  is perpendicular with 

respect to this plane, as shown in Figure 1. The vector a
r

can be decompossed in a 

component contained in the plane π and a component perpendicular to it, being: 

 naaa
rrr

+= π  (2) 

According to the distributive property of the cross product it results: 

 ( ) ( )cbacbap
rrrrrrr

××=××= π  (3) 

 

Figure 1. Vector triple product. Components of vectors contained in the plane π and perpendicular with 
respect to it. 

Thus, the analysis can be carried out in the plane π, as shown in Figure 2. As the 

double product is contained in the plane π, it can be decomposed according to the 

directions of 
r

 and b c
r

:  
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Where  and  are the following unit vectors: bu
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Figure 2. Components of vectors contained in the plane π definition of angles. 

After multiplying scalarly Equation (4) by the unit vectors of Equation (5) it results: 

 ( )bccbb uuup
rrrr

⋅+=⋅ λλ  (6) 

 ( ) ccbbc uuup λλ +⋅=⋅
rrrr

 (7) 

According to the angles and vectors defined in Figure 2, Equations (6) and (7) can 
be written as  

 θλλθ coscos cbpbp +=
r

 (8) 

 cbpcp λθλθ += coscos
r

 (9) 

By multiplying Equation (9) by cosθ and substracting it from Equation (8): 

 ( ) θλθθθ 2sincoscoscos bpcpbp =−
r

 (10) 

Taking into account that ( )θθθ += pcpb  and θπ sinbcap =
r

, Equation (10) is: 

 pcb bca θλ π sin−=  (11) 

According to Figure 2, ⎟
⎠
⎞

⎜
⎝
⎛ −=

2
πθθ acpc . Replacing int Equation (11) it results that: 

 acb cba θλ π cos=  (12) 

Otherwise, according to the distributive property of the scalar product: 

 ( ) acn cacacaaca θπππ cos=⋅=⋅+=⋅
rrrrrrr

 (13) 

Combining Equations (12) and (13):  

 ( )cabb
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⋅=λ  (14) 
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In order to obtain λc, by multiplying Equation (8) by cosθ and substracting it from 
Equation (9): 

 ( ) θλθθθ 2sincoscoscos cpbpcp =−
r

 (15) 

Taking into account that ( )θθθ −= pbpc , Equation (15) becomes: 

 pbc bca θλ π sin=  (16) 

According to Figure 2, ⎟
⎠
⎞

⎜
⎝
⎛ −=

2
πθθ abpb . Replacing in Equation (16) it results: 

 abc bca θλ π cos−=  (17) 

In a similar manner than in Equation (13) it results that: 

 abbaba θπ cos=⋅
rr

 (18) 

By comparing Equations (17) and (18): 

 ( )bacc

rr
⋅−=λ  (19) 

Combining Equations (4), (5), (14) and (20) it is obtained: 

 ( ) ( ) ( )baccabcbap
rrrrrrrrrr

⋅−⋅=××=  (20) 

The e-δ IDENTITY  

Being , , the unit vectors of a orthonormal basis, according to the definition 

of scalar and vector product it results: 
1e
r

2e
r

3e
r

 
kijkji
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eeee

ee
rrr

rr

=×

=⋅ δ
 (21) 

Where δij is the Kronecker delta and eijk the e-permutation symbol. The vector triple 
product of the unit vectos according to Equation (20) is: 

 ( ) ( ) ( )injjnijin eeeeeeeee
rrrrrrrrr

⋅−⋅=××  (22) 

According to Equations (21), Equation (22) becomes: 

 
( )

nijnjipnkpijk

nijnjiknijk

eeeee

eeeee

δδ

δδ
rrr

rrrr

−=

−=×
 (23) 

By multiplying scalarly Equation (23) by me
r

: 
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  (24) nijmnjimmpnkpijkee δδδδδ −=

Operating in the left member of Equation (24) the e-δ identity is: 

  (25) jminjnimmnkijkee δδδδ −=
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